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ABSTRACT

This thesis develops a unified theoretical and computational framework for the
nonequilibrium transport of electromagnetized electrolytic fluids across micro-
scopic, mesoscopic, and macroscopic regimes. Through foundations in stochastic
microscopic ion dynamics subject to Lorentz forcing, thermal fluctuations, and
solvent-mediated interactions, this work systematically derives kinetic and hy-
drodynamic transport descriptions which resolve both transient and asymptotic
electrolyte behavior under DC fields. A perturbative analysis of the memory-
less Vlasov—Fokker—Planck equation is first performed to establish the baseline
Markovian response of an N-species electrolyte, yielding analytic first- and second-
order conductivity tensors together with explicit transient distributional solutions.
While Markovian formulations of electromagnetohydrodynamics successfully pre-
dict nonlinear Hall-type bulk transport proportional to E x g, it is shown to
violate momentum conservation and Galilean invariance through its assumption of
instantaneous solvent equilibration.

To resolve these inconsistencies, the theory is generalized through the Mori-Zwanzig
projection formalism, yielding a non-Markovian Generalized Langevin Equation
with hydrodynamic memory effects derived directly from microscopic phase-space
dynamics. Through Klimontovich coarse-graining and ensemble averaging, the
microscopic stochastic equations are elevated to a mesoscopic kinetic framework
incorporating temporally nonlocal solvent relaxation and self-consistent hydrody-
namic coupling. The resulting integro-differential transport equations unify the
transient relaxation dynamics with asymptotic steady-state electrolyte motion,
providing a bridge between stochastic microscopic dynamics, kinetic theory, and
macroscopic fluid transport.

Analytical investigation of the resulting Volterra transport system is performed using
Laplace transform methods, Green-Kubo theory, and meromorphic pole-structure
analysis to characterize relaxation timescales, transient current evolution, and long-
time asymptotic behavior. The theoretical predictions are then compared against
momentum-conserving nonequilibrium molecular dynamics simulations performed
in OpenMM under externally applied electromagnetic fields. Numerical results
demonstrate both the predicted asymptotic drift behavior and the existence of
non-Markovian transient relaxation dynamics. Finally, a differential-evolution-based
reconstruction methodology is introduced to extract effective electrolyte memory
kernels directly from simulated velocity autocorrelation data, enabling quantitative
comparison between analytical theory and computational observation of transients.
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1 Perturbative Solution of the
Memoryless Vlasov-Fokker-Planck
Equation

1.1 Introduction, Motivation and Scope

The transport properties of charged particles in an electrolyte subject to external
electromagnetic fields constitute a foundational problem in kinetic theory. When treated
through the microscopic perspective adopted by Onsager, particles undergo continuous,
reversible interaction with their surrounding counterparts [1]. At macroscopic levels,
field-theoretic methods can be applied to explicitly determine phase space observable
evolution. This investigation aims to address the subtlety of shifting between these
dynamical regimes, and provides an analytic and computational commentary on the
nonlinear transport of electromagnetized electrolytes. For such electromagnetized
mesoscopic systems, further care must be adopted in treating the magnetic field—due
to its time-reversal antisymmetry—which introduces inherent dynamical complexity
and challenges the traditional Onsager reciprocal relations [2].

In the computational study of such electrolytic systems, various methodologies are
employed for the numerical treatment of systems on varying spatial and temporal
scales. On microscopic and nanoscopic regimes, magnetic non-equilibrium molecular
dynamics (MD) provides a natural framework, wherein individual particle trajectories
are obtained through the numerical integration of coupled equations of motion derived
from inter- and intramolecular interaction potentials within a discretized, classical
Newtonian setting. For larger, macroscopic regimes, where observables such as local
macroscopic streaming velocities or pressure gradients are desired, alternative approaches
are adopted in the variational solution of the field-coupled Navier Stokes equations,
and related transport/continuity equations. Particularly, discrete variational solution
methods for partial differential equations (PDEs) such as the Finite Element Method
(FEM)—incorporated directly into various Python modules such as FEniCS—offer a
flexible and robust framework for such problems. For the purposes of this investigation,
methods in nonequilibrium electromagnetic molecular dynamics are adopted on the
basis of their tunability, capacity for individual ion trajectory analysis, and applicability
to bulk transient behavior through ensemble methods. Figure 1.1 details the precise
nanoscopic model to be examined computationally with purpose to verify the performed
analytical work of this thesis—such computational results detailed in Chapter 4.



Figure 1.1: Electromagnetic Molecular Dynamics Setup: (red) K™ ions, (blue) CI™
ions, (solvent) H2O. A single ion trajectory is sketched in yellow.

A standard—albeit naive—approach to the analytic modelling of ion-solvent systems
is to adopt assumptions of instantaneous and time-uncorrelated interaction between
particles, resulting in a Markovian description of ion dynamics. As a foundational
step, one considers the memoryless Langevin formulation of ionic motion, in which the
complex many-body influence of the surrounding solvent is reduced to a linear friction
term, with Gaussian white noise satisfying the fluctuation-dissipation relation. Under
this approximation, the evolution of the single-particle-phase-space distribution function
is governed by the Vlasov-Fokker-Planck equation, which provides a kinetic description
incorporating both deterministic electromagnetic Lorentz forcing q(E + ¥ x é) and
stochastic thermalization [3]. In this chapter, the Markovian kinetic framework is
adopted as a controlled baseline. By constructing a perturbative expansion of the
distribution function in powers of the applied electric field, the first- and second-order
corrections to the ionic distribution and the associated current density are explicitly
calculated.

1.2 The Memoryless Vlasov-Fokker-Planck PDE

One may approach an electrolytic system as a collection of charged particle species
embedded in a drag imposing, thermally diffusive, static fluid. It can be assumed
concomitantly that the solvent (water) serves as a thermal bath of fixed temperature
T, providing friction and velocity diffusion to each ion species individually. Each ion
species is assigned a relaxation time of 7 = v, !, where a € {+, —} is the ion species
index for cations and anions respectively. Under such imposed conditions, one may
investigate the macroscopic effects of an externally-imposed DC electric and magnetic



field—FE and B respectively—on the bulk electrolyte. The associated inertial Langevin
equations of motion for an individual ion with position 7" and velocity ¢ at time t with
a Lorentz forcing term is given as:

dra _
% (1.1)
dﬁ‘a = — D/ = g ot
maﬁ = o (E(ra) + U X B(Ta)> — MaYala +V2maYakpT((1), (1.2)
—_——

Lorenty Force Stokes Drag  Ion-Solvent Collisions

where m,, and ¢, denote the mass and charge of ion species « respectively, and 7j(¢) is a
noise term which describes the stochastic ion-solvent interaction [4]. Under memoryless,
solvent-equilibrium assumptions, one defines 7j(t) as Gaussian white noise such that
(ni(t)) = 0, and (n;(t)n;(t')) = 0;;0(t—t’). Note that this does not assume nonequilibrium
behavior of the background solvent, nor acknowledges the effect of ion flow on the solvent
itself. From an applications perspective, this static-solvent behavior would be most
closely modelled by a near-edge solution in an ionic channel, where edge friction and
the no-slip condition dominates forward shear friction, leading to a locally static solvent
behavior [5]. Solutions to the latter mid-channel problem involve the consideration of
subdiffusive behavior and the introduction of a relative velocity memory-dependent
functional, which will be considered in the non-equilibrium solvent case in chapter 2.

To perform the transition from microscopic dynamics to a phase-space distributional
picture, one defines the associated ion phase-space probability density fo (7w, Va,t),
where 14 fo(t)d3zd3v denotes the expected number of ions of species o adherent to a
particular phase-space region with species-wise number density n.

It is clear that 1.2 defines a stochastic differential equation (SDE) of the form

dX
— = AX) + B(), (1.3)

where X = (7, 7). The associated Fokker-Planck PDE for SDE’s of this type is

1 ok T
Otfa = —Vx - (Afa) + 5 Z m ((BB )z‘jfa) . (1.4)
1,7 g

The vector function quantities from 1.2 which relate to 1.4 are given by

Ua 2yakpT v
A‘(ﬁwﬁ+%xm%%)’3‘vmxbw’VX@%>’(“)

which yields through substitution and simplification the Vlasov-Fokker-Planck equation
[4,6-8]. Note that the stochastic solvent noise only acts in velocity space, so the
corresponding double sum can be reduced to a sum over only velocity coordinates. The
equation then reduces, e.g:

B vFa an 1 62 2’)/akBT
Otfoa = — (Vg) : (qa(EJrﬁa x B) — Vaﬁa) Jat 2%: 0X,;0X; [

My
Orfo+ Vo Vi fo + 2 (E + 5y x B) - Vi fo = ¥aVa, * Uafo + 2=V fa)  (16)

o «

0ij fa]
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Equation 1.6 describes the precise phase-space distributional dynamics of electrolyte
ion probability densities. Through the application of the Fokker-Planck framework
on stochastic differential equations, one promotes the single ion trajectory to a full
distributional picture via implicit dynamical ensemble averaging (See Figure 1.2).

Individual Ion Behavior Promotion to Macroscopic Observables

Ensemble
Averaging

Figure 1.2: Visualization of ensemble averaging from ion trajectories to distributional
PDE-induced dynamics. The left diagram demonstrates the picture
described by the Langevin equation, the right by Fokker-Planck.

One may also note that the left hand side of this equation is exactly equivalent to
the collisionless Vlasov equation for magnetized plasmas [9]. The right hand side of
the equation serves as the collision operator, and is commonly known as an Ornstein-
Uhlenbeck (OU) operator Ly fo = YoV, - (Uafa + %V% fa), implementing thermal
diffusion and Stokes drag macro-deterministically [10]. It is important to acknowledge
that the OU operator is non-Hamiltonian, entropy producing, and demonstrably not
time-reversal invariant. From a thermostat implementation point of view, the OU
operator can be thought of as the differential operator instantiation of the Langevin
thermostat on the solvent, as momentum conservation is ignored. A precise proof of
entropy production and lack of time-reversal invariance of the OU operator is detailed
in Appendix A.

As the investigation only concerns itself with bulk velocity flows, one may additionally
impose spatial homogeneity Vi fo = 0 as an assumption to remove the spatial derivative
term from 1.6—assuming the absence of boundary shear flows and edge effects. Doing so
yields an equation which describes velocity phase space dynamics of the ion distribution
over time with respect to the externally incident fields:

Mv%fa> . (1.7)

«
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To better infer the qualitative dynamical properties of the electrolyte through equation

1.7, one may perturbatively expand the velocity phase-space distribution function

under the small DC field approximation F — ¢F, B — B, where ¢ < 1 serves as a

bookkeeping parameter for orders of expansion. Assuming that a Maxwellian of the



velocity distribution exists—which we will denote f(go)—and that the response is analytic
in field strengths, the distribution function f, can be written as

Fa(Tast) = O 45D 4 272 L 03, (1.8)

Substituting 1.8 into 1.7 and collecting terms for zeroth, first, second, and higher order
responses in €, one may construct specific PDEs which describe dynamical behavior
at each order. To begin we calculate the zeroth order distribution, and ensure that
the model is consistent with the Maxwell-Boltzmann distribution before proceeding to
higher orders. Substituting the expansion 1.8 into 1.7, recalling as well to include the
small field approximation,

I +ef 4 ) e (B 4 0 x B) - Vi, [ +ef0 4+ ]

o
kT
=vav%-<ﬁa[fé0)+sfé”+---]+ B Va>,

(1.9)
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and collecting all order zero terms, one may notice that the equilibrium distribution
dynamics are independent of the electric and magnetic fields. Operating under equilib-
rium assumptions, one may impose the additional simplification of setting 0, fo(f)) =0.
Doing so, our equilibrium PDE to solve becomes the stationary Fokker-Planck equation
for an Ornstein-Uhlenbeck process in velocity space,

Vi, - (Taf? + kj—Tv% 70y =o. (1.10)

e
«

Defining the velocity space probability current J;({)’a) = Uy fo(KO) + %Vﬁa fc(yo), equation

1.10 is equivalent to a continuity equation in velocity space, e.g.
cJo(Ua) =0 (1.11)

At equilibrium, there is no net probablility flux at infinity, so ﬁo) (Ua) = 0. Integrating
1.11 and solving for the zeroth order distribution féo), one achieves the Maxwell-
Boltzmann velocity distribution, completely independent of ~, .

3
= Mo 2 —Ma
180 = (goiez) o (g 1) (112)

This demonstrates the consistency of the Vlasov-Fokker-Planck PDE with the known
behavior of an equilibrated thermodynamic system in an NVT ensemble [11].

1.2.1 Distributional Solutions of First and Second Order

Proceeding similarly as the Maxwellian was derived, one finds the corresponding first
and second order PDEs governing the first and second order distributional responses,
respectively. For first order in €, where L, is the Ornstein-Uhlenbeck collision operator
for ion species «, equation 1.7 groups to

0 f) = LafM + %(E L) O (1.13)



for first order, and

0 f® = L£of® — 4 (E 4 5, x B)- Vg, £ (1.14)

«

for second order. By applying Duhamel’s principle to solve the initial-value problem,
the first and second order transient solutions can be obtained [6].

Theorem 1.2.1 (Duhamel’s Principle) Consider a linear inhomogeneous evolution
equation for a time dependent function on a domain D C R"™, o(}) : D x (0,00) > R in
the form

OIS — LofS) = g(Tast), (1.15)
FPop =0, (1.16)
F{(#,0) = 0,7 € D (1.17)

where Ly, is some linear differential operator. Then, the solution to this problem is
exactly

t
fél)(ﬁa,t) :/ e(tfs)ﬁo‘g(ﬁa,s)ds, (1.18)
0

tL

where e~ is the semigroup induced by the operator L,,.

For first order, the perturbed solution is given by Duhamel’s principle explicitly:

¢
W) (7 _ (t—s)La | 9o (72 = £(0)
fo! (Ua,t) /06 [k:BT(E Ua) fy | ds

t
_ o (t=s)La(F . 5 ) £O)
k?BT/o e (E-0y)fy ds. (1.19)

It can be demonstrably proven (see Appendix B) that the action of the Ornstein-
Uhlenbeck (OU) semigroup et*e on the velocity-scaled equilibrium Maxwellian (E -
(0)

Ua)fo ' (Ua) is precisely:

e (B - 9)f0(5a) = e E - 02) (7). (1.20)
Substituting 1.20 into the perturbed solution 1.19 and integrating, the first order
transient distributional response of the ionic phase space for switched on electric and
magnetic fields is given by:

f = L= e (E - ) 1 (1.21)
YaRB

It may be interesting to acknowledge the lack of magnetic field dependence on first-order
transient system response. The full system exponentially decays towards an electric
feld dependent steady-state. As time approaches infinity (¢t — 4o00), the first-order
distribution approaches:

—

. do -
F(Ta) = W(E ) . (1.22)
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Examining the steady state current behavior J_(Oo
order conductivity tensor o), e.g.

2
=Y / Va(E - %)féo)(ﬁa)d%a] — Y Tela g (1.23)
@ R3
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, it is possible recover an explicit first

’YQkBT

(1)
ij
directly read off as a diagonal matrix, immediately recognizable as the DC Drude

conductivity [12]:

Using Ohm’s law, J=cl )E the components of the conductivity tensor ¢;;’ can be

o) = Z Maga 5ij (1.24)

K YaMa

At the first-order, only linear Ohmic drift is observed—cations flow with the electric
field, anions flow against the electric field, and so the charge currents J_(;yoo constructively
superpose in the asymptotic picture. However, under the assumptions of a symmetric,
electroneutral electrolyte, where we have equal masses m,, relaxation times ~,, and
opposite charges g = —q4+ = ¢, the first order bulk velocity of the fluid remains zero.
To describe nonlinear transport in the memoryless solvent equilibrium picture, higher
order responses must be considered.

At the second order, one substitutes the derived first order distributional solution into
the second order PDE 1.14 in recursive fashion to arrive at a PDE without first order
terms. Applying previously derived actions of the gradient on the Maxwellian fo([o), the
time-dependent gradient can be computed, and equation 1.14 reduces to:

2
L (2) o e a\IE2 - M B2 5) . E]£0)
o fs = Lo mwakBT(l e )IE| k:BT(E Ua)”+ (Uo X B) - E]fy". (1.25)
P x(ExB)

Notice the presence of two source terms in 1.25. The first term is proportional to the
square of the electric field, and the other is proportional to the cross of electric and
magnetic fields. Since the Ornstein-Uhlenbeck operator is a linear dlfferentlal operator,

one may decompose the second order PDE into two distinct parts: fa @ _ f | E|2 ff;;x 5

and solve the equations

2
2) = P qio‘ H2 _ Mo L2 \2 — 3\ . i (0)
atf JEI2 ‘Cafa,\EP MaYakpT |E| k‘BT(E Ua) + (Ua X B) E| £, (1.26)
8, f 2. Lof2, L(g x B) . Ef© (1.27)
o, Ex B Q, ExB mafyak.BT (&8 a .

independently. Similar to the derivation before, both equations can be solved using
Duhamel’s principle. For the |E|? equation, the transient solution is calculated to be:

POl (t_ 1—@_7“t> PO

alE? ’YamoszT Vo
Ya(kBT)? 20 Yo

2 —29at —Yat _ ,—27vat

qia“@’? - e e ™ £ (1.28)
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Taking the limit one observes growth in the velocity distribution linear in time.

s Z2a0lEP

N %makBthw) (1.29)

o

Such growth is consistent with macroscopic electrodynamics, as the kinetic energy
density AFEy(t) is predicted to increase exactly linearly with the square of the electric
field, e.g. the cummulative volumetric work is exactly consistent with Joule heating of
the electrolytic system [12,13]:

Lo 2,2 " 3 q ‘E|2
AB(t) = / 3l (o v o 2, (1.30)
and so one achieves the result exactly,
Ey(t) ~ o| EJ*t. (1.31)

The second-order distribution contains a secular |E |2 contribution which grows linearly
in time, reflecting the continuous Joule heating under DC driving. This growth signals
the abscence of an energy sink in the kinetic model and does not affect the transport
observables, which remain bounded. However, it does demonstrate that the momentum
of the system is not locally preserved, and the energy introduced transfers directly
to heat, rather than nonequilibrium motion of the system. Physically, this is not
entirely consistent with the macroscopic picture—the solvent remaining stationary
locally challenges momentum conservation, manifesting itself as heating of the system.

To finish the perturbative solvent equilibrium investigation, one applies Duhamel’s
principle to equation 1.27 in the same recursive fashion. Doing so, integrating, and
applying associated eigenfunction identities of the OU operator, the final transient
solution for the second-order velocity distribution can be described as

@ 9% BB .5 O (5 _
fa,ExE _ma%%k:BT(E X B) - lofo" (T
2
s [ bt (B x B) 0 f0), (13)

where in the long time limit, all exponential decaying transient artifacts vanish, yielding

2
2) — Y (BB w0
fa,E_"XE,oo mo/}/ngT<EXB) Uafa (Ua). (133)

In similar fashion to the derivation of the first order conducitvity tensor, one may
construct a second order conductivity tensor o(?) describing ionic Hall drift. Component-
wise the steady-state current is given as

7@ _ (2) 2By nada \. g g 1.34
i = D da Vil o Ta) 8 v = 3 eiwE;Be,  (1.34)

22

so the second-order conductivity tensor is given as:

Naqs
0'511 = (Z a >€ijk, (1.35)

2 A2
o maYa
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where €;;, is the Levi-Civita tensor. Note that in contrast to the first-order conductivity
(1)
ij o
current for a symmetric electrolyte, and a constructively superposing, charge symmetric

o the second-order tensor is charge antisymmetric, implying a net zero charge

bulk-transport velocity:

1 Wz = = 2 1 1
gg)zznqoé(ExB):m< + )(

2 2
myyy m_vyZ

=

x B), (1.36)

where n is the symmetric charge carrier number density, p is the charge carrier mass
density, g is the symmetric charge, and m4, m_, v, v— are the charge dependent masses
and drag coefficients, respectively. Note that albeit quite small, given the square of the
charge in the numerator, and the large drag factors in the denominator, a non-zero
bulk velocity of the ions in the stationary equilibrated solvent is observed in the Hall
transport direction, indicative of nonlinear transport in an electromagnetized electrolyte.

1.2.2 Fundamental Limitations of the Markovian Model

While the Markovian result demonstrably proves the existence of nonlinear transport in
electromagnetized electrolytic systems, it remains fundamentally flawed in its equilibrium
assumptions on the solvent. In a real fluid, momentum conservation dictates that the
solvent cannot act as an infinite, inert momentum sink. As the second-order bulk
transport velocity 17(02) is charge-symmetric, both cations and anions drift in the exact
same E x B direction. Consequently, the momentum continuously transferred from the
migrating ions to the solvent via the frictional drag forces does not cancel out as in the
first order solution. Instead, it constructively superposes, exerting a net, macroscopic
volumetric body force on the background fluid—which currently lies under equilibrium
assumptions.

The assumption of a stationary solvent (& = 0) implicitly breaks Galilean invariance by
ignoring this reciprocal momentum exchange, and imposing Joule heating instead. In a
real electrolyte, the ionic drift will inevitably drag the surrounding solvent along with
it, inducing a bulk nonequilibrium hydrodynamic flow. Under the current assumptions,
introducing a Galilean boost causes the drag to increase unphysically (See Figure
1.3). To properly resolve nonlinear transport and capture true steady-state dynamics,
the kinetic description of the electrolytic system must be explicitly coupled to the
hydrodynamics of the surrounding fluid.

Lab Frame Galilean-Boosted Frame (+17},005t)

Solvent fixing breaks Galilean Invariance

6207&‘7})00%

-
larger ion drag (unphysical)
- Vboost -
ion drag ¢—6—mm———>
¥ = oo T
U+ Ut + Vioost

Figure 1.3: Galilean-Invariance Breaking Consequence of Solvent Equilibrium
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Correspondingly, the phenomenological drag term in the underlying Langevin equa-
tion—and consequently the OU collision operator within the Vlasov-Fokker-Planck
framework—must be reformulated to depend on the relative species-wise phase-space
velocity ¥, — u(7,t), where u(7,t) is the local macroscopic velocity of the solvent.
Introducing the velocity dynamics by such means reinforces galilean invariance, e.g.

To — W(F,t) ————s (To + V) — (@(Ft) + V) = Tp — (7 t)  (1.37)
Galilean Boost V'

This descriptional modification necessitates a self-consistent electromagnetohydrody-
namic treatment where the phase-space distributions of the ionic species evolve in tandem
with the bulk-flow Navier-Stokes equations. In this coupled regime, the Navier-Stokes
equations are actively driven by a momentum source term corresponding to the collective
Lorentz body force density Jx B+ pE . Only by abandoning the stationary background
assumption and accounting for this continuous kinetic-hydrodynamic feedback can one
accurately derive the long-time asymptotic velocity of the electromagnetized electrolyte.

Furthermore, the assumption of instantaneous momentum dissipation inherently limits
the temporal fidelity of the model. In standard hydrodynamic and kinetic formulations,
fluidic drag is treated as a strictly Markovian process, where the frictional force exerted
on an ion depends solely on its current relative velocity. However, on the intermediate
timescales characteristic of rapid field-driven transients or dense, structured ionic
interactions, the background solvent demonstrably does not equilibrate instantaneously.
Various sources indicate that the true relaxation behavior of a fluid decays via a power
law oc t—3/2 (under the Basset-Bousinesq framework), or even exponential kernels under
visco-elastic assumptions [14]. The finite response time of the surrounding solvation shell
necessitates the introduction of a hydrodynamic memory kernel—a temporally non-local
operator that weights the historical phase-space trajectory of the fluid and the moving
ion [15]. Formally, we replace linear (memoryless) drag 7,d(t) with some generalized,
relaxation-time dependent analog K, (t). Physically, this memory kernel encodes the
viscoelastic retardation, structural relaxation, and acoustic transit times within the
solvent: e.g. the drag force at any given moment can be treated as a convolution of
past velocities and the kernel.

To faithfully capture the transient transport phenomena and the precise time-evolution
observed in nonequilibrium molecular dynamics, the model must be generalized. The
standard instantaneous Langevin picture must be extended into a proposed Generalized
Langevin Equation (GLE) framework, replacing the scalar drag coefficients within the
Ornstein-Uhlenbeck operator with a non-Markovian relaxation model that explicitly
accounts for this delayed hydrodynamic feedback. Similar approaches to fluidic descrip-
tion have been adopted in recent works [16], however the description of electromagnetic
fluid dynamics through such a framework remains sparse. The bulk theoretical work
of this thesis relates directly to the strict resolution of these aforementioned effects,
building upon the theory introduced by Hajime Mori and Robert Zwanzig [17-19],
ultimately arriving to a physically coherent asymptotic nonequilibrium picture for bulk
electromagnetized ion-solvent flows under a generalized memory kernel description.



2 The Mori-Zwanzig Formalism and
Generalized Langevin Equation

2.1 Derivation of Microscopic Equations of Motion

2.1.1 Subdiffusive Nonequilibrium Motivation

While the previous model was developed from a solvent-equilibrium perspective, the
assumption of a static background more faithfully adheres to the behavior exhibited
by a non-momentum conserving thermostat. To better model the precise behavior and
momentum conservation, a non-equlibrium solvent picture must be adopted, alongside
strict non-markovian ion-solvent coupling to extend generality to subdiffusive solvent
behavior. Earlier one worked under the assumption of a static solvent background,
consistent only with near edge solvent flow conditions, or very heavy solvent behavior,
where ions collide with an immovable stochastic solvent. The electrolyte was treated
as a velocity phase space distribution governed by a Vlasov-Fokker-Planck equation
where collisions were introduced via an Ornstein-Uhlenbeck operator, as detailed in
equation 1.7. Now, the theory no longer assumes Stoke’s drag, instead, drag introduced
by a memory kernel, allowing to take non-instantaneous velocity autocorrelations and
assume bulk motion of the solvent.

2.1.2 The Bogoliubov Product

The evolution of an observable A(I") under some Hamiltonian # in phase space I' =
dp; A dr; C RSN is understood in the classical sense via the Liouville equation:
dA
— ={A,H} =iLA, (2.1)
dt
where £ is the liouvillian operator, and {-,-} is the usual Poisson bracket on the
symplectic 6/N dimensional phase space manifold I'. Formally, the solution to this
equation can be written in terms of a pseudo-differential operator of the liouvillian:

A(t) = e£1A(0) (2.2)

In the limit of infinite dilution (consistent with a low molarity electrolyte), the mean
inter-ionic distance vastly exceeds the Bjerrum length of the fluid [20]. Under these
assumptions, the Coulombic interactions between ions—already attenuated by the
dielectric screening of the surrounding solvent molecules—become negligible compared
to the thermal energy of the system (o< kpT'). Consequently, one may assume ion-ion
correlations to be near zero, allowing the system to be simply modeled as a collection
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of N — 1 neutral solvent particles (water) and a single tagged ion with an associated
phase-space microstate (7, p) € I'. Operating within this independent-particle regime
is mathematically highly advantageous, and permits the rigorous derivation of the
generalized ion-solvent drag dynamics without the confounding cross-correlations of
collective ionic relaxation or electrophoretic retardation effects.

To isolate the dynamics of the tagged ion from the complex many-body Van der Waal
interactions of the surrounding solvent, it is convenient to define a projection operator
P4 on phase space. This explicitly decomposes the total Liouvillian evolution of the
system into a resolved subspace spanned by the slow variables of the tagged ion, and
an orthogonal subspace containing the fast and fluctuating degrees of freedom of the
solvent bath. Formally, this involves the introduction of a natural inner product on
the symplectic manifold. For a kinetic, thermodynamic system, the Bogoliubov inner
product for two observables X and Y is a natural imposition, and it is precisely the
thermal correlation function of the observables in NVT equilibrium [21]. Formally,
the Bogoliubov product (-,-) defines orthogonality such that two thermodynamically
independent observables would be considered orthogonal.

(X,Y) = (X © Y )y = % / dre 510 (X @ v) (2.3)

where Z = /dFeﬂH(F) is the canonical partition function, and 5 = 1/(kgT) is the

corresponding inverse temperature. This idea is originally credited to Nikolay Bogoliubov,
who laid the foundational physics of such kinetic theory by establishing the means to
integrate out fast degrees of freedom and yield kinetic equations, and formally defining
the mathematical inner product used to prove thermodynamic orthogonality [22]. One
now may equip the 6/N dimensional phase space I' with the Bogoliubov inner product,
and define the canonical projection operator for an observable A as P4. Let X be some
phase-space observable, then,

PaX = (X,A)(A, A) A, (2.4)

and let,
O4=1—-"Py (2.5)

be the complementary operator for ease in defining orthogonal subspaces—for the ion
and solvent respectively. Note that these two operators satisfy the identity:

Pa+Qa=1, (2.6)

where 1 is the identity operator. Now, one takes the Liouville equation 2.1, and splits the
Liouvillian operator into equilibrium transport and external transport: £ = Lo + Lext-
Here Ly is treated to govern internal forces and velocity preserving fields. Contrarily
Lyt is defined for perturbative forces, such as the electric force an , 6.8 iLegtp = an ,
where g, is the charge of the ion of species a. Together, the Liouville equation of the
tagged ion momentum—the primary subject of investigation—becomes

dp

o = 1LD(t) = iLoP(t) + iLew(t) = iLop(t) + ¢ (27)

To avoid notational encumberment, the internal evolution of the momentum is treated
independently, as the only external force is the electric force gF. After sufficient work
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in decomposition has been performed, the external driving force will be reintroduced.
Treating the internal evolution now, the Liouville equation becomes
dp

= = iLop(t) = e'£0t £405(0) (2.8)

2.1.3 Dyson Decomposition of the Liouville Equation

Using the projector operator identity 2.6, one may decompose the evolution of the ion
momentum p into orthogonal subspaces corresponding to field forces on the ion, Py,
and solvent forces, Qy, on each phase subspace respectively.

dp

= (P + Qp)iLapl(0) = ¢ (il p) (B, B) ' PI0) + €' QpiLapl(0)  (2.9)

Simplifying the notation by defining a frequency matrix i€2 := (iLop, p)(p,p) "', and
performing the Dyson decomposition (see C):

t
el[:ot — elgﬁﬁot +/0 elﬁo(th)’])ﬁ/iEOelgﬁ‘conT (210)
on the internal evolution operator ¢?~0t

Liouville equation 2.9 is written as

into orthogonal dynamical subspaces, the internal

g . L
2o Qp(t) + QFLop(t) +

7 / LoD L€' 9P 0T dr | Qi Lo (0). (2.11)

0

Equation 2.11 is now decomposed into three terms. The first term describes the
instantaneous, reversible, and non-dissipative interactions within the ion-solvent system.
The frequency matrix determines the precise mechanism as to how the momentum
enters the forcing term. The second term appears as a projection of the force on the
ion into the solvent subspace, which considers all constituent forcing on the tagged
ion imposed by the external solvent. By the Central Limit Theorem—since the net
change in ion momentum is the sum of many ion-solvent collisions—one may assume
the stochastic forcing to be a zero mean colored gaussian random process [23]:

C(t) =t QuiLopl(t). (2.12)
As the integral term also contains such a stochastic component (0) = e"£0T Qi Lop(0) =
QyiLop(T), one may simplify this to gaussian noise as well.

— —

- t
=i+ 0+ [ Co.oN@0.A0) R - (213)
With the projection operator simplified and solvent noise definition applied, the integrand
in 2.13 consists of a convolution between the scaled solvent noise autocorrelation and the
tagged ion momentum. Defining the noise autocorrelation normalized by the Bogoliubov
norm of the initial momentum as the memory kernel K(t) = ({(£), C(0))(5(0), 5(0)) ",
the standard Generalized Langevin Equation (GLE) with frequency matrix €2, memory

—

kernel K(¢), and gaussian colored noise ((¢) is achieved.

Zi: =iQp(t) + C(t) + /0 K(t)p(t — 7)dr (2.14)
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2.1.4 Physical Instantiation of the Generalized Langevin Dynamics

To determine the explicit frequency matrix €2 for the electrolyte exposed to external
electromagnetic fields, the formal definition of the frequency matrix must be evaluated
using the Bogoliubov inner product (defined in section 2.1.2). Specifically,

i = (iLop, p) (P, 9) " = (iLoP @D )eq(DTR D g - (2.15)

Within the Mori-Zwangzig projection formalism, the action of the unperturbed Liouvillian
on the momentum, iLop = Z—f , represents the total internal microscopic force acting on
the tagged ion [18,19]. This force can be decomposed into the conservative interactions
with the surrounding solvent molecules, ﬁsol, and the Lorentz force exerted by the static
external magnetic field B. For an ion of species a with charge ¢, and mass m,, the

frequency matrix becomes

i€ = | (Flot © 7 )eq + (5% B) @ 9 Vea| (7 7 )ag- (2.16)
(6

In thermal equilibrium, the expectation value of the microscopic solvent forces vanishes
(<ﬁ501 ® pTYeq = 0) due to parity constraints; the conservative solvent forces depend
solely on spatial coordinates (which are even under time reversal), while momentum is
odd. Consequenty, only contributions from the magnetic Lorentz force remain. To factor
the cross product out of the canonical expectation value, it is convenient introduce the
antisymmetric tensor M, defined such that Mp = p x B:

0 B, -By
B, <— Mp=pxB. (2.17)
B, —-B. 0

M

[
|
&
)

Substituting this tensor representation into the frequency matrix allows M to be factored
out. Since the equilibrium momentum correlation matrix is strictly diagonal according
to the equipartition theorem—yielding (5 ® pT eq = makpTI, where I is the identity
matrix—the correlation matrices perfectly cancel:

. q S = o ST\ — 4

Q= 2MEPRP )eq(FR P oq = ——M, (2.18)

My Mq

and the frequency matrix enters the Generalized Langevin Equation (GLE) purely as
the scaled magnetic rotation operator representing the Lorentz force.

Similarly, the structure and action of the memory kernel K(¢) on the momentum can
be simplified. According to the second fluctuation-dissipation theorem, the memory
matrix is defined by the normalized auto-correlation of the orthogonal fluctuating solvent
forces (t) [24]. Under the assumption of an isotropic fluid, the fluctuating forces are
uncorrelated across distinct spatial dimensions. The memory kernel is therefore diagonal
and directly proportional to the momentum covariance. Explicitly,

- - _1

K(t) = (¢(t) ® €(0))eq(P(0) ® p(0))eq = (makpTK()I) ( = KL (2.19)

—1
'makBT )

This allows the tensorial memory matrix K(¢) to be replaced by a single scalar memory
function K (t) corresponding to its diagonal entries.
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To complete the physical description of the driven system, the external electric field E
must be reintroduced. As the electric field acts as an external driving force that explicitly
breaks thermodynamic equilibrium, it is absent from the unperturbed equilibrium
Liouvillian £y and must be added deterministically to the equations of motion.

Furthermore, the standard GLE implicitly assumes a stationary background fluid. To
ensure Galilean invariance and properly couple the kinetic dynamics to the macroscopic
fluid hydrodynamics, the phenomenological drag must depend on the relative phase-
space velocity. The tagged ion velocity ¢(7) is therefore shifted to ¥(7) —(7), where (1)
represents the local macroscopic bulk velocity of the solvent. Dividing the momentum
evolution equation by the mass m, yields the final driven, Galilean-invariant GLE for
the electromagnetized tagged ion:

~ ¢
» - e (B4 B) - /0 Kot = P)[i(r) — @(r)]dr + ﬂ;g(t) (2.20)
From a completely microscopic perspective of a single tagged ion, one could view
equation 2.20 as a complete stochastic description of the dynamical behavior of a single
tagged ion. To transition to a mesoscopic distributional picture, it is now necessary
to perform a Vlasov mean field approximation and coarse graining of the equations of
motion to a full electrolytic system of many electromagnetized ions.

2.2 Mesocopic Klimontovich Coarse-Graining of
Microscopic Dynamics

2.2.1 Fine-Grained Klimontovich Distribution

Having now established the Generalized Langevin Equation (GLE) for the single tagged
ion, the analysis is extended to a macroscopic system comprising of N identical ions of
generalized species a. To describe the exact microstate configuration of this N-particle
system, one must define an empirical, fine-grained phase-space density N, often called
the Klimontovich density after Yuri L’vovich Klimontovich’s groundbreaking work
on the theory of microscopic fluctiations [25,26]. This distribution is constructed as
a superposition of Dirac delta (0) functions, formulaically representing the sharply
localized ion trajectories in the now 6/ N-dimensional phase space:

N
No(To, Uayt) = Z (7o — Ti,a(t))0 (T — Ui,a(t)). (2.21)
i=1
In the assumed canonical (NVT) ensemble over which the Bogoliubov product is defined,
the total particle number N is conserved throughout temporal evolution. Resultantly,
the discrete Klimontovich phase-space density must strictly obey a continuity equation:
In the context of plasma physics and kinetic theory, this exact microscopic conservation
law is known as the Klimontovich equation [27].
ON,,

¢+ Vi, No+ Vg, - (UaNgy) = 0. (2.22)
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To impose the previously derived stochastic dynamics of each ion, the explicit acceleration
term @, is replaced according to the derived GLE 2.20. Substituting this dynamic
constraint into Equation 2.22 explicitly couples the microscopic particle conservation to
the underlying non-Markovian, nonequilibrium stochastic dynamics, yielding an exact
stochastic partial differential equation (SPDE) for the fine-grained density Ny:

ON,
ot

+ ¥o - Vi, No + Vi, - an(ﬁh To x B) — /Ot Kot — 7)[Ta(r) — a@(1)]dr + 15(t)> Na] = 0.

Mg me

(2.23)

2.2.2 Coarse-Graining to the Mesoscopic Picture via Ensemble
Averaging

As the fine-grained density N, is highly singular and fundamentally stochastic, it is
mathematically incompatible with the mean field solvent description of the Navier-
Stokes equations, and is thereby intractable for the direct macroscopic hydrodynamic
coupling which is to be performed. Consequently, a transition to the mesoscopic regime
is required via a mean-field approximation of the fine-grained density. By taking the
thermodynamic ensemble average over the stochastic realizations of the noise and initial
conditions, one may define the smooth, continuous phase space distribution function f,:

fa(Fa, Uas t) = (No(Ta, Uas t))eq- (2.24)

Applying this ensemble average to the Klimontovich-GLE equation 2.23—and operating
under the previously established infinite dilution limit where bare ion-ion Coulombic
interactions are fully screened—results in the following averaged kinetic density equation:

8 67 — @ - — -
87‘]; + (Vo - Vi, NaYeq + %(V@a “(E 4 Ua X B)Ng)eq
t 1 -
— Ve, [ Kalt = 7)a(r) = G0 Nad)ea = =Va, - CONa(h (225)
0 «

To accurately evaluate the remaining equilibrium expectations in equation 2.25, it is
crucial to establish a strict notational distinction: ¥, denotes the independent Eulerian
phase-space coordinate, whereas U,(t) (or ¥, (7)) represents the Lagrangian stochastic
trajectory of the particle. Since the Eulerian phase-space coordinates 7, and 9, are
deterministic, the spatial and velocity gradient operators commute with the ensemble
average. Consequently, the drift term simplifies directly:

(Ta - Vi Nadeq = Ta - Vi, fa. (2.26)

Similarly, the external DC electric and magnetic fields, E and B , are treated as
macroscopic, deterministic constants. Furthermore, since the divergence of the magnetic
Lorentz force with respect to the velocity coordinate vanishes identically (Vg - (U4 X B) =
0), the force operator can be pulled through the derivative and the ensemble expectation
value:

q 2. oA G (.~ A
m—‘:<v% (B + ¥a x B)Ng)eq = m#; (E + 0 x B) - Vg, fa- (2.27)
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The evaluation of the memory kernel expectation requires more care. As the GLE de-
scribes non-Markovian, subdiffusive dynamics, the current microstate of the fluid depends
inherently on its past trajectory. Consequently, the stochastic particle velocity ¥, (7) and
the fine-grained distribution N, () at future time ¢ cannot be assumed statistically inde-
pendent. To formalize this delayed hydrodynamic feedback, it is necessary to introduce a
two-time phase-space correlation function, defined as £, (Tos Ve, 85 7) 1= (Ua(T) Na(t) ) eq-
Applying this definition, alongside the deterministic nature of the macroscopic solvent
velocity 4(7), the integral memory kernel operator expands as follows:

/ Ko (t — 7)[Ua(T) — U(7)]NadT)eq

= Vg, - / Ko(t — 7)([Ua(T) — U(T)]Na)eqdT
= Vg, - / Ko(t — 1) [(Ta(T)Na)eq — U(T)(Na)eq] dT (2.28)
=V, - / Kq(t—1) ﬁ( ) (P Uy 57) — (T)fa} dr. (2.29)

Last to be considered is the noise-distribution correlation on the right side of the equality:
—miav% {C(t) N, (t))eq- Since the empirical fine-grained density N, (t) is a functional
that implicitly contains the entire integrated history of the random gaussian colored noise
forces up to time t, standard statistical factorization is impossible. However, operating
under the assumption that the colored noise f (t) is a Gaussian random process, this
term can be systematically decomposed using the Furutsu-Novikov theorem [28,29].

Theorem 2.2.1 (Furustu-Novikov) Given a colored Gaussian vector field ((t) and a
functional N4 (t), the correlation between the Gaussian noise term and the functional is

() Na(t)) = /0 (&) ® () - < ;gj) > dr, (2.30)

denotes the variational derivative of the function with respect to 5

given by

OIN,
where )

To apply this theorem, the functional derivative of the Klimontovich density with respect
to the noise history must be explicitly computed. Applying the chain rule to the spatial
and velocity dependencies of N, yields:

ONg = —Vi Ny - 07 (t) — Vi, Ny - 00 (). (2.31)
Dividing by the noise variation isolates the functional derivatives:
0N, 0Ty (T U (t
Mo _ g, n 220 g, 000 (2.32)
6¢(7) o¢(7) a¢(7)

It is mathematically convenient to define response tensors that capture the deterministic
sensitivity of the particle trajectory to historical stochastic noise fluctuations. Formally,
these can be thought of as Green’s functions under evolution governed by the SPDE
2.25:

G(t, 1) = ——, H(t,7):= ——. (2.33)
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Note that the exact kinematic relation 7 = @, rigorously couples position and velocity,
so the spatial response tensor H(¢, 7) is fundamentally defined as the time-integral of
the velocity response tensor G(t,7), e.g:

H(t,7) = /t G(s,7)ds. (2.34)

Taking the ensemble average of the functional derivative and applying the definition of
the macroscopic distribution from 2.24 simplifies the expression to:

ON,

< _— > = —Vi fo-H({,7) = Vi, fo- G, 7). (2.35)
a¢(7)

Substituting this variation back into the Furutsu-Novikov integral yields the full noise-

distribution correlation:

— — —

(C(E)Na(t)) = —/0 €)@ c(n) [HEt,7) - Vi, fa + G, 7) - Vg, fa]dT.  (2.36)

By invoking the second fluctuation-dissipation theorem again, which explicitly equates

the noise covariance to the physical memory kernel via (¢(t)®( (7)) = mokpT K (|t—7])1,
the explicit form of the correlation is obtained without noise as:

—

<€(t)Na(t)> = _makBT/O Ka(t - T) [H(t’ T) ’ vfafa + G(tv T) : vﬁafoz] dr. (237)

Reintroducing the mass scalar and the velocity divergence operator yields the final
resolved form of the stochastic forcing term:

1 S t

IV, ({(ON(t) = kaTV, - /0 Kot —7) [H(t,7) - Vi fo + G(t.7) - Vi, fu] dr.

(2.38)

Inserting this resolved correlation operator and the prior deterministic expectations
back into the averaged continuity equation yields the final, closed non-Markovian kinetic
equation. This partial integro-differential equation completely governs the coarse-grained
phase-space evolution of the electromagnetized ionic species «, and no longer explicitly
contains a term stochastic in ¢:

8fa = qa — . —
E + Vo * v,:‘afa + mia(E + Vo X B) . Vgafa
t
V- / Kalt = 7)[FD (R, B, £ 7) — () fu] d (2.39)
0

t
+ kBTvﬁa : / Ka(t - T) [H(t, T) : vFafoz + G(t7T) : vﬁafa] dr.
0

Note that equation 2.39 is a precise instance of a Boltzmann equation for the ion
densities, which describes the precise subdiffusive evolution in velocity and position
space. The left hand side of the equation consists explicitly of the usual streaming
terms and temporal variation consistent with the Lorentz force, and the right hand side
is a precise collision operator specific to the electrolytic system. As a mathematical
framework, this equation can be treated immediately, however it is instructive and
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physically relevant to ensure that this this formulation does not violate the second
law of thermodynamics. To do so, one must prove that the local entropy production
remains non-negative. By taking the appropriate moments of the collision operator,
and applying the Boltzmann H-theorem for the relative entropy of the coarse grained

distribution,
_ . fa(T, 1)
Hrel(t) = /fa(?),t) In (W) d’U, (240)

where f, ¢4 is the equilibrium distribution—demonstrated to be the usual Maxwellian
under 2.39—thermodynamic consistency is explicitly demonstrated through a thorough,
rigorous derivation (See D).

2.3 Macroscopic Ion Transport and Navier-Stokes
Coupling

2.3.1 Bulk Flow Assumption Imposition

To determine the asymptotic macroscopic behavior of the ion and solvent velocities,
it is necessary to transition from the mesoscopic kinetic description to a macroscopic
hydrodynamic framework. This is achieved by taking the first velocity moment of the
derived kinetic equation (Eq. 2.39). The macroscopic number density n, and the mean
bulk velocity V, of ion species « are formally defined as the zeroth and first velocity
moments of the distribution function, respectively:

na('F’a,t) —/fa(Faaﬁaat)dgva’

N 1 . o
ValFart) = - [ Tl st (241)
o
Multiplying the full kinetic equation by the microscopic momentum mv, and integrating
over all velocity space yields the general macroscopic momentum balance equation:

/maUa <68f7;a + Vg - Vfafa + qi(E + U X E) : vﬁafa> dgvoz = /moﬂ_fa Ra d3vo¢7
Me
(2.42)

where R, denotes the right-hand side of Eq. 2.39 containing the memory and noise
correlation operators. Each term in this integro-differential equation must be evaluated
independently. Beginning with the temporal derivative, the integration over velocity
space commutes with the partial time derivative, directly yielding the rate of change of
the macroscopic momentum density:

N afa 3 _ 0 — 3 _ Q V4
/mava 5 d°v, = at/fnavaj‘"acl Vo = 8t(manaVQ). (2.43)

The advective streaming term is resolved by decomposing the microscopic velocity
into the macroscopic bulk flow and a fluctuating thermal component. Defining the
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kinetic pressure tensor as Py = mq, [(Tn — Va) ® (U — Va) fad3vq, the spatial divergence
evaluates exactly to the sum of the convective momentum transport and the pressure
gradient:

/ MaTa(Ta - Vi, fa)d*0a = Vi, - (ManaVa ® Vo + Py). (2.44)

Evaluation of the Lorentz force term requires integration by parts over velocity space.
Under the physical assumption that the distribution function rapidly vanishes at infinite
velocities (fo — 0 as |Uy| — 00), the boundary surface terms evaluate to zero. Because
the velocity divergence of the magnetic rotation operator is zero (Vg - (U X é) =0),
the integral simplifies precisely to the macroscopic volumetric force density:

/ Qoo (B + 0 x B) - Vi, fo 0 = ~gana (B + Vo x B) . (2.45)

Evaluating the first moment of the non-Markovian memory integral requires isolating
the macroscopic variables from the velocity divergence. It is mathematically convenient
to define a shorthand vector functional representing the integral contents: X, =
fg Kt — 1) {1&2) (Fouy Uy t57) — ﬂ'(T)fa] dr. Applying the standard vector identity

Vi, (Ua® X'a) = Ua(Vg, - Xa) + X, and integrating over velocity space vields:

/ Vi, - (T © Xa)d3vy = / Ta(Va, - Xo)dPvg + / Xodv,. (2.46)

By applying the divergence theorem, the left-hand side converts to a surface integral
over the velocity-space boundary at infinity. Under the assumption that the correlations
decay rapidly at large velocities (Xa — 0 as |Uy| — ), this boundary integral vanishes,
imposing the strict mathematical relation:

/ To(Vi, - Xo)dPvs = — / XodPv,. (2.47)

Applying this identity to the explicit memory kernel term shifts the integration onto
the internal functional components:

t
e / B (vga - / Ka(t = 7) [FO (Fay G, 57) — (7 fo] df) B = — / Kodvs
0
t
= —ma/ Kq(t—1) [/ F® g3y, — ﬁ(T)/fad3UQ:| dr. (2.48)
0

By the definition of the Klimontovich density, integrating over velocity space yields
the microscopic spatial density: [ No(Fa, Ta,t)d>va = nq(7a,t). Consequently, the
integrated two-time phase-space correlation reduces to a macroscopic density-velocity
correlation, defined as M (T t;7) 1= (Ua(T)n0(Ta, t)). Treating v, (7) explicitly as a
stochastic Lagrangian trajectory rather than an Eulerian coordinate, the memory term
simplifies to:

t t
g / Kt — )M (7o, £: 7)d7 + mana / Ko(t— P)i(r)dr.  (2.49)
0 0
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The final term to evaluate is the distribution-noise correlation derived via the Furutsu-
Novikov theorem. Applying the same divergence identity established above, the velocity
moment of the noise correlation simplifies to:

t
—kBTma/Ua (Vga . / Kyt —71)G(t,7) - Vi, fa dT) d3v,
0

=kpTm, /O t Ko(t—71) ( / G(t,7) - Vi, fa d%a) dr. (2.50)

It can be shown rigorously that the inner velocity-space integral vanishes. Applying
integration by parts to this inner term yields:

/G(t,T) Vi, fadPvy = /vﬁa (faG) dPvy —/fa(vﬁa - G) d3v,. (2.51)

By the divergence theorem, the first term vanishes due to the asymptotic decay of
fa at infinity. The second term vanishes because the response tensor G(t,7) does
not depend explicitly on the velocity coordinate ¥,. Within the framework of the
Generalized Langevin Equation, G represents the deterministic functional response of
the particle trajectory to the colored Gaussian noise. Since the underlying stochastic
dynamics are linear with respect to the noise forces, the functional derivative produces
a coordinate-independent response matrix, rendering Vi - G = 0. Assembling all
evaluated moments yields the general macroscopic momentum transport equation for
an electromagnetically driven, non-Markovian electrolyte, completely independent of
any spatial homogeneity assumptions:

%(mana‘?&) + VFa : (manava ® Va + Pa) - QQna(E + Vo X B)

t t
— g / Kolt — 7)M® (7, t:7)dr + mana / Kot — 7)ii(r)dr (2.52)
0 0

2.3.2 Spatially Homogeneous Integro-Differential Bulk Dynamics

To explicitly isolate the transient and asymptotic dynamics of the bulk ionic flow, one
may invoke the assumption of spatial homogeneity. Under isothermal (NVT) conditions
in an infinite or periodic bulk fluid, spatial gradients vanish. This guarantees that the
density profile is flat (Vi no = 0), implying nq (7, t) = no € R. Consequently, the
divergences of both the convective momentum flux and the pressure tensor are exactly
zero: Vi, - (manava ® Va +P,) = 0. Furthermore, the spatial uniformity of the number
density allows it to be factored out of the macroscopic two-time correlation function:

M (7o 15 7) = (Ta(T)Na) = na(Ta(T)) = naVa(r). (2.53)

Applying these uniform bulk-flow constraints to Eq. 2.52 and dividing out the constant
mass and density parameters reduces the system to a fundamental linear integro-
differential equation governing the macroscopic bulk velocity of the ionic species:

% = % (E+VaxB) - /Ot Ko(t = 7) [Va(r) = ii(r)] dr. (2.54)
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2.3.3 Macroscopic Navier Stokes Solvent Drag Coupling

Note that in equation 2.54 the bulk solvent velocity, u(t), is directly referenced. To
properly describe the coupled dynamics, one must introduce another PDE to describe
such solvent dynamics, namely, the Navier-Stokes equation [5,30]. As this derivation
operates under bulk flow and mean-field assumptions, one may drop many of the extra
terms, and assume that the velocity landscape of the solvent has no curvature. Doing
so, the Navier Stokes equation for the solvent in the mean field picture simplifies to a
manifestation of a density-picture Newton’s second law:

psol% = ﬁext, (255)
where p,,; is the mass density of the solvent, and ﬁezt is the external forcing on the
solvent. In the case of our ion-solvent electrolyte system, this external force would be
exactly the drag of the ions on the solvent, introduced through the memory kernel
and relative velocity in 2.54. Note that in the coarse grained picture, water molecules
are exactly electroneutral and do not interact via a magnetic moment, so no magnetic
nor electric Lorentz contributions to the external force arise in the solvent mean field
picture. Replacing F..; with the drag term summed for each ion species «, the two
equations reduce to a first order system of integro-differential equations of the velocity.
Explicitly, the dynamics of the arbitrary species, spatially homogeneous, electrolytic
system are given by:

dd‘_/;a = % <E+ Vi ¥ E) — /Ot Kq(t—1) [17&(7) — 11'(7-)} dr (2.56)
ps"l% - Za:ma”a /Ot Ko(t =) [Va(r) —ii(r)| dr (2.57)

Solving this system of coupled, linear Volterra integro-differential equations of the
convolution type yields the precise bulk flow behavior of an electromagnetized electrolytic
fluid. While it was managed to obtain an analytic description of transient behavior, the
process is incredibly cumbersome. One such method of solution requires an explicit
treatment of the Laplace transformed system of nine equations, algebraic inversion of
the system via Schur complementation, and explicit inverse Laplace transformation for
the analytic result. While such a derivation is analytically tractable, meaningful results
are memory kernel and initial-condition dependent, and such transient behavior decays
on very short timescales. Therefore, an asymptotic analysis of this system is much
more informative, and demonstrates emergent observable properties of the macroscopic
electrolytic fluid dynamics. For analytical tractability, a simplified two-species acqueous
ionic system is considered, however all methodology employed in Chapter 3 is applicable
for more general systems.



3 Analytic Analysis

3.1 Asymptotics of the Volterra System

3.1.1 Laplace Transform of the Integro-Differential System

Consider a binary symmetric electrolyte characterized by equivalent ionic masses m4 =
m_ = m, symmetric number densities n, = n_ = n, identical non-Markovian friction
memory kernels K (t) = K_(t) = K(t), and strictly opposite charges g+ = +q. The
system is subjected to orthogonal external fields, specifically a transverse electric field
E =EFE,% and a longitudinal magnetic field B =B,z Assuming the fluid is initially at
rest, such that V, (0) = V_(0) = @(0) = 0, the macroscopic momentum equations for
the two ionic species and the solvent take the form:

dv,
s

av
"a
di
dt

— B4V, x B)—m /O K(t— 1)V (7) — (r)]dr, (3.1)
—q(E+V_xB) - m/o K(t —7)[V_(r) — @(r))dr, (3.2)

t

P /0 K(t — ) [(Ve(r) + V(7)) — 2id(r))dr. (3.3)
To analytically decouple the intrinsic ionic dynamics from the bulk solvent motion, the
system is transformed into relative and center-of-mass coordinates. Defining the relative
ionic velocity and ionic center of mass velocity as ‘Z‘el = ‘7+ —V_ and f/;m = %(‘Zr + ‘7,),
taking the difference and sum of the respective ionic momentum equations yields a
transformed system:

. t
md;/;el =2qE + 2q(‘7cm X E) — m/ K(t — 7)Via(7)dr, (3.4)
mdzm _ g(Vrel x B) —m K t— 1) [Vem(7) — @(7)]dr, (3.5)
'y dt = 2mn / K(t = 7)[Vem(7) — (7)]dr. (3.6)

The Laplace transform is then applied to the integro-differential system to determine
the steady-state asymptotic behavior of the fluid velocities, yielding the system:

m(sVia(s) ~ Via(0)) = LB 4 2(Vom(s) x B) ~ mK(s)Voals)  (37)
m(s‘zm — Ve (0)) = g(ﬁel x B) — mk(s)[‘?cm —a(s)] (3:8)
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In the Laplace domain, the steady state asymptotics are extracted via the Final Value
Theorem, which states that asymptotic time behavior of a function is equivalent to near
zero behavior of the expression sf(s) [31]:

Jlim f(t) = lim s f(s). (3.10)

Assuming the memory kernel is absolutely integrable, its zero-frequency Laplace trans-
form evaluates to a finite static friction coefficient v = [ K(¢)dt. Analyzing the
transformed Navier-Stokes equation (Eq. 3.6) under this limit reveals the long-time
behavior of the solvent:

2smnK (s) ‘:/;:m(s) _ ‘_/)cm,oo- (3.11)

liso = lim st(s) = lim =

s (5) s=0 | pgo18 + 2smn K (s)

Thus, the macroscopic solvent velocity strictly converges to the ionic center-of-mass

velocity in the long-time limit. Applying the identical limiting procedure (s — 0) to the

remaining Laplace-domain equations reduces the transient system to a set of coupled,
steady-state algebraic force constraints:

—

V::m,oo = aooa (312)
‘_/;el,oo X B = 07 (313)

- 29 /1= = .

V;el,oo - mi")/ (E + ‘/cm,oo X B) . (314)

Equation 3.13 strictly dictates that any residual relative velocity must be completely
parallel to the applied magnetic field. By substituting this condition into the force
balance (Eq. 3.14) and performing an orthogonal vector decomposition (the rigorous
algebraic decoupling is detailed in Appendix E), the steady-state velocities are uniquely
determined. For strictly orthogonal external fields (E ‘B = 0), the relative velocity

evaluates identically to zero (Viel, oo = 0), and the system converges to a single, unified
steady-state velocity:

- E x B
where the individual ion species velocities are given by:
ﬁ Ex B
Vi = —— 3.16
=g (3.16)

Equation 3.15 demonstrates that under a Galilean-invariant, nonequilibrium formulation,
an electromagnetized isotropic electrolyte eventually replicates the exact drift kinematics
of a fully ionized, collisionless plasma. Figure (3.1) precisely visualizes this phenomenon.

4 ExB— + RU-~=U
— N PN _—
B =Bz . — , — \ t — 0o —
O] E| o— | i o
+ \ ’ +
<7 .
: 7
ionic hall drift solvent entrainment collective flow

Figure 3.1: Diagrammatic Depiction of the Nonlinear Momentum Transfer
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Physically, during the transient regime, the externally driven ions transfer momentum to
the surrounding solvent via the subdiffusive drag encoded within the memory convolution.
Provided the friction kernel is absolutely integrable, the solvent continuously accelerates
until it perfectly matches the ionic center-of-mass velocity. At this limit, the relative
velocity between the ions and the solvent vanishes, terminating the momentum transfer
and establishing a dissipationless steady state. From the perspective of molecular
dynamics, this macroscopic phenomenon perfectly aligns with the requisite transport
behavior of systems simulated using momentum-conserving local thermostats, such as
Dissipative Particle Dynamics (DPD) or the Lowe-Andersen thermostat.

3.2 Green-Kubo Formulation and Transient Dynamics of
Non-Markovian Ionic Transport

While a true transient solution would involve numerical integration of the coupled
Volterra equations, there is a direct, demonstrable connection between the non-Markovian
kinetic equation derived in 2.39 and the statistical mechanical formulation of transport
coefficients via time-correlation functions of a current operator. Approaching solution
through this perspective provides a unified framework in which the conductivity ten-
sor emerges as the time-integrated response of the transient dynamics governed by
the generalized kinetic operator. While not precisely the transient dynamics, solving
the evolution equation for the correlation tensor yields the dynamics of the velocity
autocorrelation function (VACF), which in turn describes transient dynamics via the
time-integrated projection of the Non-Markovian operator.

3.2.1 Linearization of the Non-Markovian Kinetic Equation and the
Conductivity Tensor

Formally, the current macroscopic charge current density is defined in terms of the
coarse-grained distribution function f, (¥, t) as a scaled first velocity moment:

OE Y /R () (3.17)

At equilibrium, it was shown that the coarse-grained distribution takes on the form of
the Maxwellian, 1.12. Proceeding with the notation for perturbation order adopted in
Section 1 ( féo), fél), ...), it is clear that upon substitution of the Maxwellian féo) into

-

3.17, the current density J(t) vanishes identically:
(Jfa= 1) =0. (3.18)

In similar fashion to before, perturbations due to weak external fields are considered.
Linearizing the non-Markovian kinetic equation 2.39, by taking a linear expansion of
the distribution to first order,

Jo= I + 1Y, (3.19)

the resultant linearized non-Markovian equation takes the form of:

40 fo = LYMGfo + So(¥n). (3.20)
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Here, LYM can be thought of as the non-Markovian, non-closed analog of the OU

operator, implementing ion-solvent collisions:

EXMa == (5 B) Ve fut Ve, [ Kol - R (20)

«

R : = Fo(¢ )(U’ t;7) + kgT[H(t,7) Vi, foa+ G, 7T)- Vi, fals (3.22)

and S, (U,) is the source term imposing deterministic perturbations from the external
electric field E, namely:

Sala) = = (B Vi) 10 = 15 (B - i) £ (3.23)

At the moment, both collision operators remain exact. However to make analytical

progress, closure must be imposed on the correlation functions. First, we impose closure
. . . (2)

on the two time correlation hierarchy Fy

past velocities decorrelate sufficiently fast such that only instantaneous correlations

survive. Such closure reduces the form of 2 = (Ua(T)Na (1)) = Unfa(Va,t). Note that

such closure does not eliminate memory, but removes explicit two-time phase-space

via a molecular chaos-type assumption, e.g.:

correlations. By isotropy of the surrounding solvent, one can additionally impose
diagonality of the velocity response tensor G;;(t,7) = g(t,7)d;; through application of
Schur’s Lemma [32], and the SO(3) invariance of G. Assuming spatial homogeneity,
the spatial gradient term with coefficient H(¢, 7) vanishes identically, e.g. Vi fo =0
The non-Markovian collision operator under strict velocity decorrelation closure, spatial
homogeneity, and isotropy assumptions reads:

t
do (> B -
£AM5f0 = — 1 (5, % B) V1,6 fat Vi, / Ko(t—7) [620fa(r) + k5Tga(t, )V, falr)] dr
« 0
(3.24)
Note that now the linearized kinetic equation is an inhomogeneous evolution equation
for the time dependent perturbed function component, e.g:

0o M) — LMD = S, (W), (3.25)

and satistfies the respective boundary conditions required to apply Duhamel’s principle
as detailed in 1.2.1. Applying Duhamel’s principle, one writes the evolution operator of
the solution—formally a pseudodifferential semigroup—generated by the non-Markovian
collision operator LYM as e(t~ 7L The Duhamel formula yields the formal evolution-

operator solution to 3.25:

t
300 = [ RS G (3:26)
0

While the explicit action on the source term S, () by the evolution operator can be
determined, it is not necessary, and one may pertain to abstraction. What is important to
note is that the evolution operator introduces time-dependence on velocities, and evolves
the physical observables of the fluidic system. Explicitly e(*~ LM g, = = Un(t—7). We use
this property in the definition of the current correlation tensor, deﬁned componentwise:

Cij(t— 1) = zqa / Vet D 0 FO P = 37 1062 (a,i(t — )04, (0)) eq-
(e
(3.27)
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Note that the evolution operator transforms the integral into the equilibrium VACEF, as
the velocity is evolved in time under the integral. Substituting 3.26 into the current
density 3.17 componentwise, one may begin simplication, recalling that the evolution
operator imposes time evolution on the velocities.

= an/vaﬂ&fél)(t)dg?}
/dTan/vme LM oy

dTan/ vale T)Engmjféo)Ejd?’va

kBT
1
= k:37T ; dT 20; naq§<va7,~(t — 7)0qa,5(0))eq Fj
1 t

Noting the proportionality between the electric field and the charge current density, in
the long time limit one may directly associate the correlation tensor to the first order
conductivity o;;, deriving the Green-Kubo relation directly from the non-Markovian
transport equations [33, 34]:

1 o0

The conductivity can be thought of as a direct encoding of the generalized Langevin
dynamics of the velocities of the distribution, as the current correlation tensor is
precisely composed of the components of the VACF. To determine the conductivity,
it is therefore necessary to understand the dynamics of the current correlation tensor
and its asymptotic behavior. In Section 2 on the GLE, one understands the stochastic
dynamics of the velocties via the stochastic integro-differential equation 2.14. As the
evolution of the velocities directly translates to that of the current correlation tensor
by linearity of the VACF and corresponding sum, one may write the corresponding
stochastic dynamical equation of its components as a corresponding GLE:

d

aCij(t):Ql(k)ij / Kot — 7)ga(t, 7)Cyj(7)dr, Qggu%gm, (3.30)

«

To solve for such dynamics it is useful to perform a tensorial decomposition. The most
general form of the current correlation tensor under fludic isotropy can be expressed in
terms of its symmetric and antisymmetric components.

Cij(t) = Cs(t)di; + Calt)eiBy (3.31)

Substituting this decomposition into the general evolution equation 3.30, the Lorentz
(frequency matrix) term acts on the symmetric component as:

Q) (Csok;) = CSQ( ¥ = CsweeiziBi, (3.32)
and the antisymmetric component as:

QE;‘)(CAEk]mBm) = Cch((Sij — EZBJ) (333)
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In similar fashion, we reduce the action of the memory term including K,, recalling
that the memory term is diagonal in tensor structure acting on the current correlation
tensor in both cases. Splitting the evolution equation into a symmetric equation and
antisymmetric equation respectively, one achieves a system of dynamical equations in
associated matrix form:

d (Cg 0 we Cs t Cs(7)

il - . — | Ku(t—7)galt, dr. .34

di <0A> <—wc o) <0A> /0 =t | gy ) O (B3
Assuming time translation invariance of the velocity response tensor, one may impose
stationarity, and let g (¢, 7) = go(t— 7). Defining an effective memory kernel C(t —7) :=

K (t—7)g(t—7) allows a Laplace transform of the system to diagonalize the convolution
term, reducing to multiplication. Taking the Laplace transform of 3.34, one achieves:

- Cs(s)\ [ 0 we) [Cs(s) Cs(0)

IC(S)-I-S(C,A(S) w0 (Eas) + 0 . (3.35)
Solving this system algebraically, one determines the explicit form of the Laplace
transformed current correlation tensor components to be:

~ _ (S+’€(S)) = _ We
Csls) = (s +K(s))2 + w?] sl Gl =

(s + K(s5))2 + w2 Cs(0). (3.36)

From the derived Kubo relation 3.29 and the Final Value Theorem 3.10, one understands
the integral of the current correlation tensor to be equivalent to CN’U (0). Substituting
the definition of Cj;(t), and applying equipartition theorem to the VACF inside, one
achieves a final form for the conductivity tensor ¢ in component form:

O — Z Nads léa((})(sij + wc,aEilel
%] Ma ]Ca(o)z _’_waa .

(3.37)

07

From a physical point of view, K. (0) serves as an effective friction term including all
memory and response propagation of the solvent imposed to the ions in the asymptotic
picture. The two terms of the conductivity correspond to the drag-aware ohmic drift
and forcing, and the antisymmetric lorentz rotation due to the magnetic field.

3.2.2 Markovian Conductivity Tensor

For the memoryless case, where the velocity correlation decays are instantaneous, the
memory kernel takes the canonical markovian form K,(t —7) = 7,0(t — 1) = 5(':7),
where v, is to be understood as a Stoke’s drag coefficient—equivalent to the reciprocal

of the relaxation time 77 = %ﬂ Substituting this specific memory kernel term and

assuming response normalization, the conductivity tensor reduces to the familiar drude
conductivty, demonstrating the magnetohydrodynamic consistency with the Markovian
picture for a two ion species electrolyte.

i — Z naqgﬂ'a (5” + waaTa&L‘lel (3 38)
Y « Me 1+ wg,aTo% )
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3.2.3 Transient Correlation Decay Dynamics from Pole Structure

To determine the transient behavior of the bulk ion species velocities, a complete
characterization of the dynamics requires analysis of the VACF. This information is
naturally encoded in the Laplace transform of the current correlation function, whose
analytic structure governs the transient evolution of the velocities under equilibrium
expectation. Formally, the time-dependent correlation function is consequently recovered
via the inverse Laplace transform, which reintroduces explicit time dependence. Doing
so will provide a natural encoding of the transient velocity behavior. To make analytical
progress, the Bromwich formula for the inverse Laplace transform is used, shifting the
problem of the inverse transform to the computation of a complex integral [35].

278 )y ioo

Clt) = L) = — / T st s ds (3.39)
Y

Note that this integral is a contour integral, where the contour lies to the right of all
singularities {s%,...,s%} of C(s). By deforming the contour into the complex plane,
assuming the restriction of C (5)|<C\{s{,..., sz} to be holomorphic, and applying the Residue
Theorem [36], one obtains:

C(t) = > Res (Cls)e,s7) = > A;eit, (3.40)
J J

where s} are the poles of C(s). Note that this is truly a beautiful result. The ex-
ponential component of the inverse Laplace transform is extracted from the residue
due to its analyticity, and causes each pole to contribute an exponential mode to the
transient dynamics such that the full time evolution admits a unique multi-timescale
spectral decomposition in terms of these relaxation modes. From the Laplace-domain
solution derived previously, the poles are naturally determined by the condition that

the denominators of the correlation tensors in 3.36 are zero:
(s 4+ Ka(s)? +w? =0, — 5+ Kaols) = Fiwe. (3.41)

This equation defines a nonlinear dispersion relation for the relaxation modes s,, which
must be solved self-consistently. For a pole s* = a + ib the correlation function is
real-valued, and complex conjugate poles combine to yield:

C(t) ~ eReE cog(Im(s%)t), (3.42)

so that the real part of the pole determines the decay rate, while the imaginary part
determines the oscillation frequency. Note that for the trivial memoryless case where
the memory kernel takes the form K (t) = 7,3(t — 7), the kernel reduces to a constant
7, as the Laplace transform integrates over memory kernel, e.g. Ko (s) = 7. For the
two-species case where o € {4, —}, the pole condition for the correlation tensor yields
Laplace domain solutions:

S+ = —V4 T iwe. (3.43)

Substituting 3.43 into the inverse Laplace representation yields the decomposed form:

C(t) = ApelTrtiwe)t 4 4 o(-7-—iwe)t (3.44)
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This expression corresponds to exponentially damped cyclotron motion, arising from the
competition between Lorentz rotation and dissipative relaxation of the solvent. Note
that the current correlation components decay at infinity, as expected, and that A4 and
A_ are tensorial.

In the latter case with a non-Markovian memory kernel, the pole condition takes the
implicit form:

s* = —K(s%) * iwe. (3.45)
If K(s) is analytic near s = 0, one may expand:

K(s) ~ K(0) + sK'(0), (3.46)

which yields, to leading order pole behavior:
o KO we
1+ K/(0) 1+ K(0)
This demonstrates that memory effects renormalize both the decay rate and the effective
cyclotron frequency. More generally, if IC(s) possesses some nontrivial analytic structure,

(3.47)

the dispersion relation may admit multiple solutions s7, leading to:

C(t) = Ape', (3.48)
k

corresponding to multi-timescale relaxation. Note that the tensorial coefficients of
the exponential modes can again be decomposed into symmetric and antisymmetric
components, so that the transient dynamics of the current correlation tensor are fully
determined by the pole structure of the Laplace transform of the memory kernel.
Performing such a decomposition, one may write the transient current correlation tensor
as a sum of symmetric and antisymmetric exponential modes (A% and A4 respectively),
and the B-field enters again explicitly in the antisymmetric component. Componentwise,
one writes:

Cij(t) =D Afeiloy; + Y Ajle’tlei;iBy. (3.49)
k K

In cases where l@(s) develops branch cuts—such as in the power-law Basset Boussinesq
framework—the inverse Laplace transform may yield non-exponential decay laws, how-
ever such behavior is dependent on the specific form of the memory kernel and should be
treated on a case-by-case basis. To perform this method, it is required that the memory
kernel is such that the Laplace transform of the correlation tensor is meromorphic, so
that the only singularities are poles. In such cases, the transient dynamics of the current
correlation tensor are precisely determined by the pole structure of C (s), which is in
turn determined by the structure of K(s). The poles of C'(s) must also have a negative
real part, such that the transient modes decay at infinity, and that the coefficients Ay
are real-valued, so that the correlation function is real-valued.

Hence, the transient dynamics of the system are determined by the spectrum of the
non-Markovian evolution operator. While the conductivity depends only on the zero-
frequency value K(0), the full time-dependent behavior probes the entire functional form
of the memory kernel. This establishes a direct correspondence between microscopic
memory effects and macroscopic transient transport, providing a unified framework in
which relaxation processes can be systematically classified.
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3.2.4 Analytic Determination of Current Transients and Relaxation
Timescales

The current correlation tensor can be thought of as an object which directly encodes the
transient dynamics of the velocities through the Green-Kubo convolution equation 3.28.
By substituting the known multipole exponential form of the current correlation tensor
into such a relation, one may begin the computation of the transient current density,
and therefore the transient velocities through a linear transformation. Substituting 3.48
into 3.28, one achieves:

]C T/ Z |f4 Sktéij + ZA;?eSZtEUZBl] EdT (3.50)
B k
1 ) t o, N
= [Af / esktdraijJrZAﬁ / eskthailel] E (3.51)
Bl 7 0 0
1 e kt S *t 1
- P — 51 + AAisZ B| E 3.52
kpT k [ sy J Z sy gLt ( )
(3.53)

Separating the transient current density into time dependent and time-independent
components, one may write the current density as a precise decomposition of the
asymptotic conductivity signature and transient relaxation modes:

AS A R
Tt =3~k 6, -3 kB | B
(*) - ( kpTsp 0~ & kpTs; ! l) it

Asymptotic Conductivity o;; (354)
A

> A e+ A e*t'e; By | E;
. kpTsj; J k kpT'sj, J J

Extracting the coefficient of the electric field from the time independent term of the
composition, it can be shown that the asymptotic conductivity tensor o;; is precisely
recovered. Recalling the definition of the conductivity tensor o;; from the Green Kubo
relation 3.29, one may express the asymptotic conductivity as the Laplace transform
of the current correlation tensor evaluated at zero frequency (valid by the Final Value

Theorem):
1 -
mcij (0) (3.55)

O3 =

Applying the Laplace transform to the transient solution for the current correlation
tensor 3.48, one achieves:

« ~ A ~ A
=Y Attt = Cs) =Y . = C) = L. (3.56)
k k s — 8 & _Sk
~ Ak A‘]? A
= Cy(0)=)_ L5 —> “EeinBi ). (3.57)
k Sk k Sk



33

Substituting into 3.55, one recovers the asymptotic conductivity tensor as the exact
term present in 3.54:

A

This remarkable result demonstrates that for meromorphic Laplace-domain correlation

tensors, the transient current density can be precisely decomposed into a sum of the
asymptotic conductivity signature and a series of exponentially decaying transient modes,
whose decay rates and oscillation frequencies are determined by the pole structure of
the Laplace transform of the current correlation tensor. The coeflicients A encode the
relative contribution of each relaxation mode to the transient dynamics, while the poles
s determine the timescales over which these modes decay.

3.2.5 Discussion of Markovian Transients and Analytic Summary

Considering the Markovian case yet again, the poles are given by s1 = —v4 4w, which
yields the transient current density as the sum of the asymptotic conductivity of the
joint ionic system, and the exponentially damped cyclotron motion of the ions, taking
into accound the E x B motion in the antisymmetric component:

Ay Ay .
Ji(t) = Ji0o + 7esit5i‘ + €Sit8i‘ B | E; 3.59
( ) s g (kBTS:t J ; ]CBTSj: gl l) J ( )

This expression corresponds to the well-known exponentially damped cyclotron motion,
where the decay rates v+ are determined by the effective friction coefficients, and the
oscillation frequency is given by the cyclotron frequency w.. In the non-Markovian case,
the transient dynamics are governed by the more complex pole structure of C (s), which
may admit multiple relaxation modes and non-exponential decay behavior depending
on the analytic structure of the memory kernel. Under the Markovian picture typical
relaxation times are on the order of the inverse friction coefficients 7+ = =, which
correspond to the characteristic timescales over which the system relaxes to 1ts steady
state.

The analytic framework developed in this section provides a direct connection between
the microscopic memory effects encoded in the kernel K(s) and the nonlinear transient
transport behavior of the electrolytic system, as captured by the precise structure of the
current correlation tensor and its associated asymptotic conductivity via Green-Kubo.
By analyzing such pole structure of the Laplace transform of the correlation tensor, one
systematically classifies the relaxation processes and timescales governing the transient
dynamics, providing a unified framework for understanding non-Markovian transport
phenomena in electrolyte systems. In full generality, the transient velocity behavior of a
many species ionic system with a memory kernel imposing a simple pole structure to
the correlation tensor is a sum of exponentially decaying cyclotron-oscillatory modes
with decay rates Re{s;} and frequencies Im{sj } renormalized by memory effects, and
with coefficients determined by the residues of such poles. In its final, most general
form, the transient velocity behavior can be written as:
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AA

:zk:< kpTst Ts* % Zk Ts *5’JZB’>E+
> (e
k

(3.60)

ij Sk EZJlBl> E

At this point, further analytic progress would require the introduction of some pertur-
bative methods applied to the nonlinear dispersion relation s + IC(S) = +iwe.. One may
consider the weaker memory limit, where the memory kernel K, (t — 7) is small in some
appropriate norm, so that the memory effects can be treated as a perturbation to the
Markovian case. In such a limit, one may expand the poles s}, in powers of the memory
kernel, and compute corrections to the decay rates and oscillation frequencies order by
order.

Alternatively, one may consider specific functional forms of the memory kernel that allow
for exact solutions of the dispersion relation, such as exponential or power-law kernels,
which may yield closed-form expressions for the poles and therefore the transient
dynamics. However, for memory kernels which do not yield meromorphic Laplace
transformed correlation tensors, such as those contaning branch cuts (Basset-Boussinesq
for example), the transient dynamics may not admit a simple exponential decomposition,
and may require numerical inversion of the Laplace transform or asymptotic analysis to
extract the long-time behavior. While this is theoretically possible, the complexity of
the resulting expressions may limit their practical utility.

A more powerful and complementary direction is therefore the incorporation of molecular
dynamics simulations, which provide direct access to the velocity autocorrelation function
and its transient behavior without requiring correlation closure approximations. In the
proceeding chapter, a full treatment of the electromagnetized electrolyte system is given,
where the the full DC field configuration is imposed on a KC! system. Through an
analysis of the time evolution of the system, and the extraction of relevant observables,
the asymptotic velocities are examined and compared to the analytic results derived,
particularly those aforementioned in Section 3.1.



4 Computational
Momentum-Conserving Molecular
Dynamics

4.1 OpenMM and Momentum Conserving MHD

A common approach to the analysis of emergent phenomena in many-particle, many-
interaction systems is molecular dynamics (MHD). It is commonplace for molecular
dynamics frameworks to be used to analyze emergent phenomena in specific microscopic
systems, such as biological complexes or various molecular structures, all of which sit
embedded within a larger equilibrated solvent. In such regular applications, solvents are
treated as static baths in some ensemble, external fields are rare and almost always apply
constant forces, and the dynamics of the embedded systems—mnot the solvent—are of
interest. This makes the analysis of non-equilibirium solvent dynamics of an electrolytic
system a slightly abnormal application, in that one considers momentum-conservation,
a highly non-static solvent, and velocity-dependent force fields. Naturally, implementing
such an abnormal system requires a molecular dynamics framework which is highly
modular and source-code modifiable. These investigation constraints led to the selection
of OpenMM for all molecular dynamics investigations, due to its ease of source-code
modification.

For momentum-conservation, the dissipative particle dynamics (DPD) thermostat from
OpenMM was used. Formally, it is very similar to a traditional Langevin thermostat—
which samples particle velocities from the Maxwell-Boltzmann distribution—however
thermostats the interparticle pair-wise velocities instead with a half step velocity-verlet
form [37]. Collisions and friction are implemented as interactions with virtual particles
of the heat bath. The precise pseudocode implementation can be found in Appendix I.

As is the case for most molecular dynamics frameworks, velocity-dependent force fields—
such as the Lorentz force from the magnetic field B—are not natively implemented. To
bypass this limitation, the OpenMM DPD thermostat C+4 source code was directly
modified to step the ion velocities according to a coarse-grained Boris integrator scheme.
The precise pseudocode implementation of the Boris integrator can be found in Appendix
J. The Boris integrator was used for its stability under long time and large fields. The
primary challenge of ensuring a consistent implementation of the Boris integrator was
the introduction of the correct physical units. To ensure the magnetic field B and
lorentz forces were introduced properly, the scaling of the B parameter in the Boris
scheme was tweaked to OpenMM units such that the cyclotron frequency w, = %

of the ions matched with that predicted by theory. Figure 4.1 visualizes the velocity
trajectory data for a K™ and Cl~ ion under a magnetic field strength of 10T in the 2
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direction. Both ions were seeded with an initial velocity of 10 nm/ps in the g direction,
respectively. Note the cyclotron frequency precisely aligns with predicted values of
Wi+ A 2.4645 x 107 Hz, we- ~ 2.7165 x 107 Hz, which have corresponding cyclotron
periods T+ ~ 2.546x 10~7s and T, = 2.309 x 107 s calculated using their theoretical
atomic masses and the cyclotron frequency formula, respectively [38].

Cyclotron Velocity Trajectory (E = 0.0 V/nm)
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Figure 4.1: Transverse Cyclotron Velocity Trajectory Profile for K™ and Ci~ Ions
under B =10 T2, E=0V/m

2D lon Trajectory (E = 0.0 V/nm)

800000F i
- cl-
600000
400000
o —,
e BN
e AN
200000 // \\
£ / \
c / \
£ / \
H 1
2 of 1
A
7 /
P4 \ /
\ /
> \ /
—200000 \ J/
N 5%
\\ 7
\\ _____ —’,
—400000
—600000
—800000Ek
—800000 —600000 —400000 —200000 0

200000 400000 600000
X Position (nm)

Figure 4.2: Cyclotron Ion Trajectory for K and CI~ Tons under B=10T% E=0
V/m

Note that the introduction of the electric field in the x-direction would not modify the
frequency of the oscillatory behavior, rather immediately relax the ion to cyclotron
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frequency about the predicted plasma Hall drift velocity, ng . The trajectory of such
a field configuration would be cycloidal, but the velocity would remain oscillatory (see
Figures 4.3 and 4.4).

Cyclotron Velocity Trajectory (E = 0.001 V/nm)
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Figure 4.4: Cyclotron Ion Trajectory for K and Cl~ Ions under B=10T% E =
0.001 V/nmz

One may note that while the ion motion in Figure 4.4 indeed remains oscillatory due to
the absence of dissipative forces from a solvent, and its asymptotic velocity over time
oscillates about the expected steady state velocity (100 nmps~!). It is the prediction
of all previous analytic theory that the full ion-solvent electrolytic system will exhibit
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such similar dynamical behavior, wherein the y-velocity asymptotically approaches the
plasma vacuum velocity under crossed, orthogonal electric and magnetic fields. With a
functional, calibrated implementation of a magnetic field integrator into a momentum
conserving DPD thermostat, the asymptotic behavior of the electrolytic system can
now be examined under electromagnetic fields.

4.2 Asymptotic Analysis

4.2.1 Timescale Limitations in Magnetohydrodynamic Simulations

—

The microscopic simulation of electrolyte solutions under orthogonal electric (E) and
magnetic (E) fields presents a formidable computational challenge. When a uniform
electric field is applied, the dissolved ions experience a driving force, accelerating through
the solvent and generating a current. The addition of a transverse magnetic field induces
a velocity-dependent Lorentz force on these charge carriers:

F, = q(E + 7 x B) (4.1)

Through repeated intermolecular collisions, the moving ions transfer momentum to the
neutral solvent. Macroscopically, this hydrodynamic coupling causes the entire bulk
fluid to accelerate until the driving Lorentz forces are perfectly counterbalanced by
internal fluid friction and the emerging @' x B deceleration, resulting in a steady-state
asymptotic drift velocity, v, as was demonstrated in Section 3.

In an idealized vacuum, the steady-state drift velocity for a crossed-field configuration
resolves to v* = |E|/|B|, and this can be verified with relative ease due to the near-
instantaneous relaxation of the plasma ions to the vacuum velocity, as demonstrated when
calibrating the OpenMM setup [39]. However, in dense, atomistic fluids experiencing
Dissipative Particle Dynamics (DPD) thermostatting, demonstrating transient decay
to this exact asymptotic velocity apriori is almost computationally intractable due to
the complex, many-body nature of the solvent-solute drag, and much slower system
relaxation due to the dissipative forces from the solvent on the ions in the electrolyte.
Thus, large timescales would be necessary to permit the sufficient transfer of kinetic
energy to the solvent.

In molecular dynamics, typical simulation timescales range on the order of picosecontds,
nanoseconds, and rarely microseconds: such transient relaxation proves difficult to
visualize for such complex systems [40]. Standard nonequilibrium procedures typically
resolve this problem by initializing the system from rest and integrating forward in
time until some steady-state bulk velocity is achieved. Unfortunately, the characteristic
timescale for a macroscopic fluid volume to overcome its own inertia and reach v* can
span much longer time periods: Note the near-linear relaxation behavior in Figure 4.5
directly characteristic of a longer relaxation time. For atomistic integrators constrained
to femtosecond (~ 107!5 s) timesteps, simulating this transient acceleration phase
requires a demonstrably unfeasible allocation of computational resources. To combat
this, one must approach the problem of asymptotics by ansatzing the existence of a
stationary steady state velocity U™, and observing the acceleration on the bulk system
for much shorter, linear-transient regime trajectories.
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Simulation Parameters:

For all simulations run during this investigation, a runtime of 50 ps was adopted for a
300K, 5nm x 5nm x 5nm waterbox containing 1 M molarity KCI, a fixed magnetic
field B = B2 with B = 10kT—to be justified in Section 4.2.2—with varied electric
fields E = E# and initial velocity distributions for purposes of computational analysis.

4.2.2 Commentary on Required OpenMM Simulation Parameters

The silver-lining of a linear-transient trajectory approach to long-time asymptotics is
the requirement of very large magnetic fields. Should a very large quantitiy of tens-of-
picoseconds range simulations be taken, and their accelerations extracted, a sufficient
signal to noise ratio between the observed linear gradient and velocity signal noise
is required to maintain accuracy. For the purposes of this approach’s investigation,
magnetic field of 10kT is used to sit well within the linear response regime, but also be
large enough to receive a measurable signal through the stochastic noise introduced by
the solvent.

The application of such an exceptionally high magnetic field of 10kT in this study is
a methodological necessity dictated by the fundamental spatiotemporal constraints of
numerical-solvent molecular dynamics. Under standard experimental field strengths
(1—10T), the macroscopic Hall drift velocity of an ion is infinitesimally small in
comparison to its immense stochastic thermal velocity at ambient temperatures of the
solvent. Consequently, isolating a statistically significant transverse drift signal from
the thermal noise floor would require microsecond-to-millisecond integration times—a
computationally intractable threshold for standard MD. In scaling the magnetic field
to the 10kT regime, one may artificially amplify the transverse Lorentz force without
altering the underlying Boris integration mechanics. This parameter scaling acts as a
critical signal-to-noise enhancement technique, accelerating the characteristic cyclotron
frequency w,. and compressing the macroscopic drift development into a computationally
accessible picosecond-to-nanosecond simulation window.

While the applied field magnitude is indeed beyond astrophysical, this scaling technique
bridges the timescale gap, allowing for the rapid and clear resolution of crossed-field
transport behaviors, for the ultimate determination of dynamical fixed points that would
otherwise remain completely obscured by thermal fluctuations in these shorter timescale
regimes. Such field magnitudes can also be justified mathematically: In an electrolytic
system, ion dynamics are understood to be governed by the Langevin equation 1.2. If
one applies an effective driving force—as is performed by the electric field present—ionic
motion in aqueous solution is strongly overdamped: the momentum relaxation time
T = % ~ 107" s is many orders of magnitude shorter than the picosecond-to-nanosecond
windows accessible to molecular dynamics. Consequently, inertial effects are negligible,
and ionic transport is governed by a balance between viscous drag and external forces.

¢(E + 7 x B) = mn@. (4.2)

Solving for the component of velocity in the transverse direction for short-time steady
state conditions, and introducing the auxiliarly mobility parameter 4 = 2=—where the
solvent is approximately stationary—the transverse velocity v, for very small time is
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given by 4.2 as the relationship:

0 311 2
y = - AEIEL |BJ|E| (4.3)
1+ [BPp?

under Markovian solvent assumptions. It is important to note the dependence on
]E |i, which naturally defines a dimensionless Hall parameter § = |§ |i, characterizing
the magnitude of transverse drift for linear-response steady state conditions [41]. In
standard experimental levels for magnetic fields such as 1 T, the Hall parameter
is extremely small. For a Potassium ion in water, the momentum relaxation time is
7~ 3-1071* s [42]. Using a more physically feasible magnetic field of 1 T, the associated
Hall parameter would be w7 ~ 10~7. Consequently, the transverse drift signal is near
non-existent for short time: the macroscopic drift is obscured by microscopic thermal
noise. This precise obscuration can be quantified through an analysis of the minimum
requirements for a sufficent signal to noise ratio (SNR).

It is well-known from the works of Einstein that the variance of an ion’s position over
time due to Brownian diffusion scales linearly in time [43]. This quantity serves as the
effective noise in the SNR, as it obscures the bulk transverse dynamical behavior of the

ion during its dynamical evolution. Formally, one may express the variance o2 as:

02 = (Az?) = 2Dt, (4.4)

where D is the diffusion coefficient of the ion in a solvent. For water, the diffusion
coefficient of a K+ ion is ~ 2 x 1072 m?s~! [44]. For reliably observed Hall drift, the
transverse displacement v,t—which can be treated as the signal in the SNR-—must
exceed the random thermal displacement. Setting the signal to noise ratio (SNR) to
some minimal value (for sake of simplicity we pick approximately 1), it is possible to
construct a precise inequality which yields a relationship between the required simulation
time to achieve a noticeable SNR, and the magnetic field strength:

vyt
2Dt

SNR = >1 (4.5)

2\2
— ¢z 20 _2DUE ) (4.6)
Yy B2 E|?

To achieve a completely minimimal lower bound, one seeks to minimize the right-hand
side of the inequality 4.6, optimizing 3 globally, which is a parameter dependent on
the magnetic field. From the optimal value for 5, one may determine the optimal
magnetic field for the system which minimizes the required simulation time to achieve a
noticeable SNR. Differentiating the right hand side with respect to 8 and setting to
zero to determine the maximum:

0 |2D(1+p%)?|

0B | pru2|BP 1_0 o
4D (p* -1
E(Z,ﬂm)zo 48)

One may immediately note that the minimum condition is achieved when the condition
for the Hall parameter 4 = 1 is fulfilled. Therefore, the optimal Hall parameter = w.7
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for the best SNR ratio is, quite beautifully, 1. Using values associated to the two-species
ionic system—my+ = 6.48 1070 kg, g =e=1.6-10"" C, 7+ = 3-10"* s—and
solving for the B-field which yields a Hall parameter 5 = 1, one determines the globally
optimal B-field that yields the highest SNR.

Mgt 6.48 - 10726

b s (16 10-19)(3- 10-19) (4.9)

Immediately, one observes that the optimal B-field is unfeasibly large, but exists. Should
the B-field become too large, then the transverse velocity would decay, as it was shown
that v, o ﬁ, and if it is too little, then the acceleration due to the Lorentz force would

be too small to observe a noticeable signal. These two factors contribute to the existence
of such an optimal parameter for every possible simulation time. Naturally, this is way
too large to avoid numerical errors in the Boris integrator without extremely small
timesteps, so it is productive to determine the minimal possible B field for the fixed
simulation length used in each MD run which still maintains sufficiently large SNR. For
a simulation which runs for tq = 50 ps we pick the largest electric field 1 x 101 V™!
analyzed in this investigation in spirit of determining the lower bound of the magnetic
field. One may then solve the inequality 4.6 for the minimum B-field for a tighter,
simulation relevant bound as:

e V2D 2(2-1079)
~ pPEVto  (7.407407 - 10-8)2(1011)v/50 - 1012

Therefore picking a magnetic field strength of 10* T allows the simulation to sit within
this regime of larger SNR, while not reaching magnetic field strengths which would
cause numerical error to accumulate drastically in the Boris integrator. As the basis
of this investigation involves the extraction of accelerations, it is also relevant that
the magnetic field is not chosen so large such that the trajectory deviates from linear
response. With 10* T as the chosen magnetic field, the Hall parameter of the system
sits well below the global solution 8 = 1, namely, Bgim = uBsim ~ 7-107% < 1, so such
linear response approximations for the acceleration computations holds strongly. This
is clearly evident in the transverse velocity trajectory visualized for the ionic system in
figure 4.5.

~52x10°T (4.10)

OpenMM MD: 10 V/nm Field with 0.0 nm/ps Y-Boost
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Figure 4.5: OpenMM 1ns 1M KCI Simulation with |E| = 109X and |B| = 10*T
Ohmic Drift Velocity in X (Left), Hall Drift in Y (Right)
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One may note that the Ohmic drift in the x-direction is charge antisymmetric, which
leads to an abruptly achieved terminal velocity (for periodic boundary conditions) for
both species. As Chloride ions have a larger effective ionic radius, one may also notice
a slight negative velocity trend as the C'I~ ions drag more of the system in their wake.
For the Hall-direction plot, in the y-direction, one may demonstrably observe that the
simulation lies well within the linear response regime to the external fields, despite
their strength. With a chosen magnetic field strength of 10* T, the SNR ratio is clearly

higher, however the large stochastic noise of the solvent is clearly visible by the thick
2

band present on the linear trend, characterizing Brownian variance o3.

4.2.3 Demonstration of Predicted Drift: 2D Parameter Sweep

To bypass the timescale bottleneck associated with asymptotic analysis, an algorithmic
shift is proposed: rather than simulating the full temporal evolution of the fluid, one
casts the search for the asymptotic drift velocity as a computational root-finding problem,
and treats the issue as the determination of a stable fixed point of a dynamical system
in the velocities. For a fixed magnetic and electric field strength, the theory established
during the analytic asymptotic examination predicts direct proportionality between the
electric field and the asymptotic velocity.

To determine the asymptotic velocity for a specific field configuration, one may procedu-
rally run simulations where the initial velocity of the electrolyte is boosted to some finite
value. Analyzing the acceleration on the boosted system, and determining the precise
boost which yields net zero acceleration allows one to find the asymptotic velocity
without using long timescale simulations. Figure 4.6 which precisely demonstrates the
stable fixed point behavior for a magnetic field strength of B =102 kT, and an electric
field strength of E = —0.9375¢ V/nm. Each point in Figure 4.6 is the gradient of the
velocity trajectory in the Hall direction of the boosted system extracted through a linear
fit. Note that the accelerations are always in an appropriate configuration as to relax
the system back towards the steady state velocity.
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The vertical green line in Figure 4.6 is the theoretical ExB proportional drift as in 3.15.
One may note that theoretical consistency is already observed here, however the precise
accuracy of the model is unclear due to the thick band of zeros about the root. At the
steady state velocity (94 nm/ps), the electrolyte is said to be in equilibrium. Naturally,
if the system is slower than the prediced asymptotic velocity, the ions will begin to relax
towards the plasma drift velocity, speeding up, and entraining the solvent as well via a
galilean invariant drag coupling, as detailed in Figure 3.1. If the entire system is boosted
to a velocity above the predicted asymptotic velocity, then the ions will quickly relax
back to their plasma drift velocity, causing the relative velocity between the solvent and
the ions to increase, leading to deceleration of the solvent. The combination of these

two acceleration regimes leads to a predicted fixed point behavior about the asymptotic

_ ExB
|B|?

plasma drift velocity v* for a nonequilibrium electrolytic system as observed in

Figure 4.6.

To perform an overarching examination of this behavior and clearly verify that a linear
relationship between electric field and asymptotic drift velocity exists, a coarser two-
dimensional sweep over simulation parameter space—electric field and initial velocity
boost—was performed. A 65 x 65 grid of electric field strengths ranging from —10 V/nm
to 10 V/nm, and initial velocities ranging from —1500 nm/ps, to 1500 nm/ps, was taken.
Each simulation was run for 50 ps to ensure computational feasibility in finite time for
the large quantity of simulations required, and for reasonable precision of the linear fits
to the velocity trajectories which extract the accelerations. Figure 4.7 demonstrates
these accelerations for a fixed magnetic field strength of 10 kT, where each cell color
represents a corresponding acceleration of the system along the Hall drift direction.
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Figure 4.7: 2D 65 x 65 Heatmap of linear-fit extracted acceleration values over 50ps
with |B| = 10*T, |E| € [-10,10]V/nm, v € [—1500, 1500/nm/ps
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As one can see, the magnitude of the electric field has a linear effect on the observed
steady-state asymptotic velocity v*, where the acceleration is observed to be near
zero. As the electric field increases the drift velocity shifts to become negative in the
9 direction, exactly consistent with the E"’:"BXB":' = —%gj drift. Taking the (E, vinit)
pair with a resultant acceleration closest to zero for each row, and treating these as
two-dimensional coordinates, one may perform a linear fit to reconstruct the magnetic
field, and verify that the behavior is exactly as expected. Since v* = —_BE, in the specific
field configuration detailed in the simulation parameters, the slope of the valley contour
in the 2D plot is theoretically of linear form:

E(w*) = —v*B. (4.11)

As each row of the heatmap 4.7—which corresponds to a specific electric field magnitude—
exhibits a large 'zero band’ as observed in the 1D parameter sweep 4.6, it is assumed
that the center of these zero bands is the target asymptotic velocity. To extract these
centers, a 5% maximum binary threshold filter was applied to the heatmap image in
order to label the zero band centers. These band centers are then treated as points, and
fit to linearly. Figure 4.8 details the linear fit to the computed zero band center data
overlayed with the theoretical linear trend 4.11.
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Figure 4.8: 2D 65 x65 Linear Fit to Heatmap Zero Band Centers of linear-fit extracted
acceleration values over 50ps with |B| = 10*T, |E| € [-10,10]V/nm,
Vinit € [—1500, 1500]nm/ps

Figure 4.8 is a direct confirmation of the principal asymptotic result of this thesis. The
slope of the numerical fit to the thresholded zero band centers is —9.2 x 1072 Vnm ™ ?ps,
which when converted to Tesla via the SI conversion T' = Vm~2s, yields a numerically
computed magnetic field of Byumericat = 9.2 x 103 T, which differs from the imposed



45

magnetic field of 10* T by ~ 8.7%. This commensurable adherence to the theoretical
linear field-strength dependence prediction of the asymptotic velocity strongly confirms
the tendency of multi-ion-species electrolyte systems to tend to their plasma drift
velocity under orthogonal electric and magnetic fields, and the existence of a such stable
dynamical fixed points for long-time regimes.

4.2.4 Commentary on Asymptotic Computational Results

The demonstrably numerical discrepancy may be attributed to a combination of various
systematic and statistical effects which are inhernet in simulation and the associated
extraction procedure. Namely, the identification of the zero-acceleration manifold via a
fixed percentage threshold introduces an experimental parameter bias. The zero band is
not infinitesimally thin, and reflects finite-time fluctuations of the system. Furthermore,
the fitting uncertainy in the velocity trajectories due to the strong brownian noise from
solvent-ion interactions may have directly contributed to the observed discrepancly.
Consequnetly. the extracted band centers systematically deviate from the true fixed
point on this basis.

An alternative source of discrepancy is the use of a finite simulation time of 50 ps,
which imposes a direct limiation on the accuracy and precision of the linear fits. In the
previous section, the SNR was derived as an explicit function of time, and it can be
seen that SNR depends on the time on order O(t%).

Lastly, the discretization of the parameter space due to constraints on available com-
putational resources imposes a finite resolution, which limits the precision with which
the zero-acceleration contour can be localized. In effect, the extracted contour obtained
represents the footprint of a discretized approximation of the inherent fixed point curve,
and the subsequent linear fit in Figure 4.8 inherits this error.

Looking forward, this framework suggests several natural extensions. One may, for
instance, replace the brute-force parameter sweep with more efficient root-finding
algorithms (e.g. the Bisection method) applied directly to the measured acceleration,
thereby further reducing computational cost in allowing less simulations to be taken for
fixed field configurations which in exchange allows for a longer simulation time, and
more precise acceleration resolution. Commentary, an associated example plot of a
Bisection root finding implementation, and the algorithm’s pseudocode implementation
on the electrolytic system can be found in Appendices F, G, and H, respectively.

4.3 Transient Relaxation Analysis & Electrolyte Memory
Kernel Extraction

While the preceding theoretical sections in Chapters 2 and 3 established the formal
existence and analytic structure of the generalized memory kernel K, (t) through the
Mori—Zwanzig projection formalism, the explicit functional form of the kernel remains
undetermined from first principles and is largely a parameter function. This limitation
is direct consequence of the fact that the memory kernel encodes the complex many-
body interactions which the previous derivation assumed to be mean field in nature.
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The precise temporal, transient structure of the memory kernel is therefore nontrivial,
and emergent from the solvent-ion interactions and associated hydrodynamic coupling.
To approach this problem computationally, K, (t) is determined through numerical
estimation from nonequilibrium molecular dynamics trajectories.

The principal objective of this section is therefore to establish a computationally
tractable inverse methodology for reconstructing the species-wise electrolyte memory
kernels directly from microscopic OpenMM simulations. Particular emphasis is placed
upon constructing a numerically stable kernel extraction procedure consistent with the
non-Markovian Green—Kubo formalism developed previously in Section 3.2, and the
multipole transient correlation structure derived in Section 3.2.4. The method derived
follows a similar structure to the one proposed by Tepper, Dalton and Netz in their
2024 work on memory kernel reconstruction for protein folding, however is adapted to
the much faster trasient decay structure inherent in electrolyte solutions, where the
velocity autocorrelation function (VACF) decays on much shorter timescales than that
of a protein folding trajectory [45].

Earlier iterations of the kernel reconstruction procedure employed Gaussian process
optimization (GPO) for estimation of the memory kernel parameters. Gaussian process
methods are highly effective for low-dimensional optimization problems possessing
smooth objective landscapes, as they construct a probabilistic surrogate model of the
loss functional and iteratively refine parameter estimates through Bayesian acquisition
strategies [46].

However, in the present electrolyte memory reconstruction problem, the objective land-
scape generated by the generalized Langevin fitting procedure was found to violate
many of the regularity assumptions underlying Gaussian-process-based optimization.
Specifically, the transient VACF reconstruction is highly sensitive to small perturbations
of the oscillatory kernel frequencies and decay timescales. Since the generalized Langevin
dynamics involve repeated convolution of damped oscillatory modes, small frequency
deviations accumulate phase error over time, producing rapidly oscillating loss surfaces
populated by numerous local minima. This behavior emerges naturally from the multi-
pole exponential transient structure derived previously in Section 3.2.4. Complex-valued
poles of the transformed Volterra-style system induce damped oscillatory relaxation
modes, causing the associated objective functional to inherit a strongly non-convex
spectral structure. Consequently, nearby parameter vectors may generate VACFs with
nearly identical amplitudes but produce sharp local oscillations in the reconstruction
error landscape—which is simulated by numerical methods over the GLE.

In such regimes, Gaussian process surrogate models become increasingly unreliable. The
probabilistic interpolation inherent to GPO implicitly assumes a comparatively smooth
covariance structure of the objective functional over parameter space. The strong
phase sensitivity and extremely varied local curvature of the VACF mismatch functional
violate these assumptions, causing the acquisition process to repeatedly converge towards
suboptimal local minima or become dominated by inaccurate surrogate uncertainty
estimates.
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4.3.1 Proposed Transient Kernel Reconstruction Methodology:
Differential Evolution Optimization

To overcome these aforementioned limitations, the optimization procedure was re-
formulated using Differential Evolution (DE), a population-based stochastic global
optimization algorithm specifically designed for rugged, non-convex, and highly multi-
modal objective landscapes—such as those introduced in an electrolytic fluid [47]. In
contrast to the smooth ansatzes of Gaussian process optimization, DE does not attempt
to construct a smooth surrogate representation of the objective functional, which was
found to be inadequate for the highly non-convex landscape it seeks to replicate, and
does not even require gradient computation of the loss functional. Instead, DE performs
direct evolutionary exploration of parameter space through stochastic mutation and
recombination operations applied across a population of candidate kernel parameter
vectors [48].

This global evolutionary strategy proved substantially more robust for the present
non-Markovian electrolyte reconstruction problem. In particular, DE demonstrated
significantly improved resistance to oscillatory phase-trapping artifacts and was consis-
tently capable of identifying stable kernel parameterizations reproducing the transient
molecular dynamics VACF structure over the physically relevant timescale regime. The
consequently extracted kernel parameters control the spectral relaxation structure of
the generalized Langevin dynamics, and the resulting loss functional inherits the same
nonlocal temporal sensitivity characteristic of the underlying non-Markovian transport
itself. Thus, the DE optimization procedure provides a natural framework on which
functional optimization of the memory kernel, inverted through the Volterra system,
can be performed efficiently.

4.3.2 Velocity Autocorrelation Formulation

Beginning from the generalized Langevin equation derived previously in Equation
2.20—for purposes of deriving the VACF evolution equation, on which numerical
kernel reconstruction is performed—the stochastic dynamics of a tagged ion of species
a € {+.—} are governed by:

dVa _ qa
dt Me

t
(E + 0 x B) - / Kot —7) [a(r) — (7)) dr + miia(t). (4.12)
0 «
where K, (t) denotes the non-Markovian memory kernel governing delayed frictional
relaxation, while C_; (t) represents the fluctuating stochastic force arising from unresolved
microscopic solvent and ionic degrees of freedom. For equilibrium transport analysis,
the ionic velocity may be decomposed into a macroscopic hydrodynamic contribution
and a fluctuating microscopic component,

Tat) = (t) + 504 (2). (4.13)

As the Green—Kubo formalism concerns equilibrium fluctuations relative to the local
fluid rest frame, one may transform into the comoving hydrodynamic frame for which
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i(t) = 0. (4.14)

The generalized Langevin equation therefore reduces to

A, Qoo (7 | - = t - 1>

Recalling the definition of the velocity autocorrelation function (VACF) for species «,

CL(t) = (vai(t)va (0)) (4.16)

multiplying by v,,;(0), and taking the equilibrium ensemble average yields

<dv0;l,;(t) ya,j(0)> = qiEi (Vo (0)) g + — <(Ua X é)iva,j(0)>eq (4.17)

1
/ Kalt = 7) (i (70 0o 7 + —— (G (0),
(6
(4.18)
Simplifying, the first term vanishes due to the zero mean velocity in equilibrium, while

the last term vanishes by the statistical independence of the stochastic force and the
initial velocity. The exact tensorial VACF evolution equation therefore becomes

d a Jo «
GOS0 = BBl o /K (t - 1)CD (r) dr (4.19)

which constitutes the full non-Markovian magnetized correlation dynamics for the
electrolyte system. Unlike the isotropic zero-field limit, the presence of the external
magnetic field induces anisotropic rotational coupling between the tensorial VACF
components through the Lorentz force contribution. Consequently, the relaxation
dynamics no longer evolve through purely scalar dissipative decay, but instead through
coupled oscillatory memory-damped transport modes. For an external magnetic field
oriented along the Z-direction, the Lorentz contribution couples the transverse velocity
correlation components according to

4 )y — =B / o
— — K,(t— 4.2
dtC ( ) -~ €ik=C t 7‘ (T )d’r ( 0)

The magnetic field therefore acts as a conservative rotational operator within the VACF
dynamics, continuously transferring correlation amplitude between orthogonal velocity
components while the memory kernel simultaneously governs dissipative relaxation. The
resulting transient dynamics consist of coupled non-Markovian cyclotron modes whose
decay rates and oscillatory structure are jointly determined by the memory kernel and
the external magnetic field strength.

Restricting attention to the velocity component parallel to the applied electric field
yields the projected correlation equation
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t
GCE ) = weaC0) ~ [ Kalt = 1)C(r)dr
0

where C-(t) denotes the magnetically coupled transverse VACF component generated
by the Lorentz rotation operator. The observable longitudinal correlation dynamics are
therefore influenced both by delayed non-Markovian friction and by rotational coupling
induced through the external magnetic field.

Consequently, the measured molecular dynamics VACF no longer exhibits purely
monotonic relaxation, but instead develops oscillatory transient structure associated
with cyclotron rotation, ionic caging, and viscoelastic hydrodynamic backflow. The
correlation function therefore encodes both dissipative and conservative transport
dynamics simultaneously.

4.3.3 Parameterized Memory Kernel Reconstruction

As shown previously in Section 3.2.4, the asymptotic transient structure of the non-
Markovian conductivity formalism admits a finite multipole decomposition arising from
the pole structure of the Laplace-transformed Volterra system. In the presence of the
magnetic field, the Lorentz operator shifts the transient spectrum into complex-valued
rotational relaxation modes, generating damped oscillatory VACF dynamics even in the
absence of explicitly oscillatory kernels.

Motivated directly by this analytic structure, the species-wise memory kernel is parame-
terized as

N N
< S (o) (o)
Ka(t) =) Age T 4 ) A§?gose_t/Ti cos(wjt)—i—A(»o) e sin(w;t) (4.21)
i=1 j=1

7,sin

o . . .
l( ) for sine and cosine oscillatory modes

respectively—; denote characteristic timescales, and w; denote oscillatory frequencies
associated with transient ionic cage dynamics, delayed hydrodynamic response, and
magnetic-field-coupled transport oscillations.

where A; denote relaxation amplitudes—A

The kernel ansatz therefore inherits the same spectral structure predicted analytically
from the transformed Green—-Kubo formalism in Section 3.2. Real-valued poles generate
exponentially decaying relaxation channels, while complex-valued poles generate damped
oscillatory modes whose frequencies are modified jointly by the intrinsic electrolyte
memory timescales and the external cyclotron dynamics. Physically, rapidly decaying
exponential contributions correspond primarily to local binary solvent collisions and fast
stochastic thermalization processes. The oscillatory components instead encode delayed
momentum backflow, transient ionic trapping, and magnetically induced rotational
transport structure arising from the coupling between the Lorentz force and the non-
Markovian electrolyte relaxation dynamics.
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4.3.4 Numerical Solution of the Coupled Volterra System

Given a trial parameter vector, which was simplified to include two exponential modes
and two oscillatory mode for computational tractability,

0 = (A1, 11, Ag, 1o, A, AL 700 AR AL 20 ), (4.22)

1,cos’ “*1,sin? 2,cos? 2sm?

the corresponding 12 parameter kernel K, (t;0) is substituted directly into the coupled
Volterra system governing the VACF evolution. The temporal domain is discretized
using a uniform timestep At, taken to be the precise reporter frequency of the OpenMM
trajectory data:

tn, = nAt, (4.23)

and refined to a sub-grid initialization ot = ﬁ to ensure numerical stability against the
stiff high frequency components consequent from a large magnetic field. The longitudinal
and transverse VACF arrays are initialized at t = 0 to match the initial conditions of
the molecular dynamics trajectory,

Ca,xaz(o) = Ca,MD(O)a Ca,ym(o) = 07 (424)

and the coupled Volterra system is solved forward in time to generate the theoretical
VACEF reconstruction corresponding to the trial kernel parameters in three steps. First,
the memory convolution integral is evaluated numerically through trapezoidal quadrature,

e.g.

Iox tz Z ka tlm axm( i tk)5t7 (425)

Z ka tk7 a y:c( 7 tk)5t’ (426)

where wy, are the trapezoidal weights (0.5 at boundaries, 1.0 elsewhere). Second the
Lorentz coupling term is evaluated at each time step, incorporating the Lorentz rotatinal
operator contribution to the transverse VACF component. The discretized GLE step is
then computed as

dca,xx . ) 1 )
o wWeCayz(ti—1) — L. (ts), (4.27)
ACo o 1
-2 LA 1) — — T (t). 4.2
dt wcCa,x:v(tz 1) M, ym(tz> ( 8)

Applying a sub-timescale Euler integration step on the refined temporal grid yields the
updated VACF values at time ¢;,

Coa7asx(ti) - Ca,xr(ti—l) + dC;;;:L“:E 5t, (429)
Ca,yw(ti) = Ca,yw(tifl) + %(%. (430)

The Lorentz contribution introduces oscillatory rotational coupling between the trans-
verse and longitudinal VACF components, while the memory convolution simultaneously



o1

governs temporally nonlocal dissipative relaxation. The resulting system therefore
constitutes a coupled non-Markovian magnetized transport evolution problem.

Since dense ion-solvent systems frequently exhibit stiff short-timescale dynamics arising
from rapid solvent collision processes and high-frequency cyclotron oscillations, the
numerical integration is performed on a refined temporal sub-grid in order to maintain
stability during the early transient regime.

Unlike direct inversion approaches, which require numerical differentiation of noisy
molecular dynamics data and thereby strongly amplify statistical fluctuations, the
present methodology repeatedly solves the forward generalized Langevin dynamics for
candidate kernels and directly compares the resulting theoretical VACF against the
molecular dynamics trajectory data. This forward reconstruction strategy is substantially
more numerically stable and naturally regularizes the inverse problem.

4.3.5 Global Optimization of the Kernel Parameters

Determination of the optimal kernel parameters constitutes a highly non-convex inverse
problem. The simultaneous presence of oscillatory memory relaxation modes and
magnetic cyclotron coupling generates strong phase sensitivity within the objective
landscape, causing conventional gradient-based optimization methods to become trapped
within local minima. Small frequency mismatches accumulate rapidly in time and
produce highly oscillatory error hypersurfaces containing numerous nearly degenerate
parameter combinations.

To overcome these difficulties, the parameter reconstruction problem was solved using
differential evolution, a stochastic population-based global optimization algorithm
particularly well suited to rugged high-dimensional objective landscapes.

Defining the loss functional:

1 2
£0) = 3 2 [Catun (tn) = Cllori(tn: 0)]

n=1

the differential evolution algorithm evolves a population of candidate parameter vectors
through mutation, crossover, and greedy selection operations.

For a candidate parameter vector 6;, mutant trial vectors are generated according to

V= 91”1 +F(9T2 - 01“3)‘

where F' denotes the mutation scaling factor and r1, ro, r3 are distinct random population
indices.

Unlike gradient-based optimization methods, differential evolution does not require
evaluation of objective gradients. Instead, the optimization dynamically extracts search
directions directly from evolving population differences, making it particularly effective
for the present magnetized non-Markovian inverse problem whose oscillatory Volterra
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dynamics generate rugged objective surfaces containing numerous local minima and
strong parameter degeneracies.

The resulting optimized parameter vector determines the reconstructed species-wise
memory kernel K, (t), whose transient spectral structure may subsequently be analyzed
directly in relation to the analytically predicted multipole relaxation decomposition and
the underlying magnetized electrolyte transport dynamics.

4.3.6 Demonstration of Memory Kernel Reconstruction: Differential
Evolution Optimization Computational Results

Applying the reconstruction methodology described above to the an OpenMM trajectory
of 10ns yields the transient VACF and memory kernel structure visualized in Figure 4.9.
Several important qualitative features immediately emerge from the reconstructed
correlation dynamics.

Velocity Autocorrelation (VACF) Matching (First 0.25 ps)

12 4 —--- MDK+
—— DE FitK+
--- MDCI-

104 —— DEFitCl-

cY(t)

0.00 0.05 0.10 0.15 0.20 0.25
Time (ps)

Extracted Species-Wise Memory Kernels Kq(t)

— K+ Kernel
—— Cl- Kernel

8000 A

6000

r(t)

2000 -

-

0.00 0.05 0.10 0.15 0.20 0.25
Time (ps)

Figure 4.9: Differential Evolution fitted Memory Kernel and resultantly integrated
VACF under the Volterra System
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Rather than relaxing monotonically, the memory kernel briefly crosses through negative
values before it returns to exponential decay. This behavior is characteristic of transient
ionic caging, commonly referred to as “cage rattling” dynamics in dense fluid systems [45].
Physically, the tagged ion initially accelerates under thermal fluctuations and external
forcing, but rapidly encounters some temporary local confinement generated by the
surrounding solvation shell, and neighboring ions.

The resulting collective response transiently reverses the ion momentum momentarily,
producing the observed negative memory kernel at short times.

It is crucial to acknowledge that such cage rattling behavior is a direct signature of
non-Markovian transport in the simulated ion-solvent system. In a purely Markovian
electrolyte model, where friction is imposed by an instantaneous memory kernel, the
velocity autocorrelation function would necessarily decay monotonically and sharply in
the form of a dirac delta, through a single relaxation mode. The observed oscillatory
transient structure of the VACF and memory kernel therefore demonstrates the existence
of delayed momentum feedback and temporally nonlocal solvent relaxation dynamics
within the electrolyte.

Most importantly, the reconstructed transient behavior coincides with the analytic
multipole relaxation theory derived in Section 3.2.4. There, the Laplace-space analysis
of the generalized Volterra system of integro-differential equations demonstrated that the
transient current correlation dynamics decompose into a assumedly finite superposition
of damped oscillatory exponential modes determined by the singular pole structure of
the Laplace transformed current correlation tensor. The present computational results
directly verify this prediction, as visualized quantitatively in Figure 4.9.

The Differential Evolution optimization procedure therefore successfully reconstructes
the transient structure of the memory kernel and VACF without requiring direct nu-
merical differentiation of aforementioned noisy molecular dynamics correlation data.
It is important to emphasize that the extracted oscillatory relaxation modes are not
merely numerical fitting artifacts. The reconstructed kernels therefore provide a physi-
cally interpretable spectral representation of the underlying nonequilibrium electrolyte
dynamics, and the resulting kernels can be used to better understand the transient
dynamics of each ionic species. It was found however, that upon increasing the available
parameter range for the amplitudes and frequencies of oscillatory modes, the simulation
would tend to extremely large amplitudes, blowing up the memory kernel. To allow for
finite-timestep integration, all further Differential Evolution learned memory kernels
were run with a reduced parameter range as a form of regularization.

4.3.7 Reconstruction of Transient Dynamics from the Differential
Evolution Optimized Memory Kernel

The explicit Differential Evolution optimized solutions for the species-wise memory
kernels may now be substituted directly back into the coupled generalized Volterra system
2.56, 2.57, in order to reconstruct the full transient electrolyte relaxation dynamics.
The resulting reconstructed dynamics therefore constitute a self-consistent forward
integration of the generalized Langevin formalism using memory kernels extracted
entirely from microscopic molecular dynamics trajectories. For potassium ions, the
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optimized memory kernel after parameter regularization was reconstructed as

K (t) = 158.8862¢ /01740 4 61,1193 /43428
+ ¢~ t/0-009% (4962 0415 cos(74.0545t) — 2429.8124 sin(74.0545t))  (4.31)
+ e /24652 (925 8420 cos(5.6596¢) — 45.8777 sin(5.6596¢)) (4.32)

Similarly, the optimized chloride memory kernel was reconstructed as

Key(t) = 158.7262¢ /92190 4 62.0172¢ /42938
+ ¢ /00089 (4312 0415 cos(73.8745¢) — 2399.9135 sin(95.0004¢))
+ e~ t/2391(226.9210 cos(5.7106t) — 46.1231 sin(5.1426t)) (4.33)
Several important physical features emerge immediately upon examining the optimized
kernels. Both ionic species exhibit a strongly multiscale relaxation structure consisting of

rapidly decaying high-frequency oscillatory modes superimposed upon slower exponential
relaxation channels.

Transient Extracted Memory Kernels (0 to 0.25 ps)

—— KT Kemel

4000 —— Cl~ Kernel

3000

2000

Memory Kernel I'(t)

1000

0.00 0.05 0.10 015 0.20 0.25
Time (ps)

Figure 4.10: 0.25ps Plot of Parameter Regularized K™ and Cl~ Memory Kernels
4.32 and 4.33

The shortest-timescale large amplitude oscillatory contributions decay on sub-picosecond
timescales and possess extremely large amplitudes and frequencies, indicating intense
local transient solvation shell confinement within the surrounding electrolyte environment.
These high-frequency contributions correspond directly to the short-time “cage rattling”
regime as aforementioned, and previously observed in Figure 4.9, where neighboring
ions and solvent molecules collectively generated a temporary restoring force which
acted on each ion species.

From a ion-species comparison, the potassium kernel exhibits larger high-frequency
oscillatory amplitudes than the chloride kernel. Physically, this is consistent with
the smaller ionic radius and larger mobility of potassium ions within aqueous solution,
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allowing more rapid transient oscillatory motion prior to solvent-mediated relaxation [49].
The chloride kernel instead exhibits comparatively slower long-timescale relaxation
channels, consistent with the larger effective hydrodynamic radius and stronger solvent
structuring surrounding the anion.

Substituting these reconstructed kernels directly into the coupled Volterra transport
system (equations 2.56, 2.57) and numerically integrating forward in time using an
implicit Euler integration scheme and trapezoidal rule on the memory kernel integral
yields the transient bulk velocity V,(t) evolution shown in Figure 4.11. For short
timescales, the behavior mimics the linear evolution of the velocity trajectory seen in
Figure 3.1. Note the slight deviations in terminal longitudinal drift and transverse
acceleration. These deviations are postulated to be caused by training the memory
kernel on insufficiently long trajectories, and without presence of an external electric
field.

Short-Time Longitudinal Drift V,(t) Short-Time Transverse Hall Drift V,(t)
: MD K+ MD K+
MD CI- MD CI
MD Water 02 MD Water
5 — GLEK* — GLEK
— GLECI™ — GLECI™

—=—- GLE Water

0.0

|
o
N

Velocity (nm/ps)
Velocity (nm/ps)

|
!

1

s

6 0
Time (ps) Time (ps)

Figure 4.11: Reconstruction of short-time transient bulk velocity dynamics obtained
via forward integration of the coupled generalized Volterra system using
the differential-evolution-optimized electrolyte memory kernel. GLE
integrated trajectory is compared against MD under orthogonal | B| = 10
kT, |E| = 10 V/nm field configuration.

For larger timescales on the order of a few microseconds, the exponentially damped
relaxation structure predicted by the multipole Volterra analysis can be demonstrated,
as seen in Figures 4.12 and 4.13. Following the initial linear transient evolution
demonstrated during analysis of asymptotic dynamics, the bulk ionic velocity gradually
transitions into a slow, exponential relaxation regime governed by the long-timescale
memory channels of the reconstructed kernel. Figure 4.12 demonstrates the ion-species
behavior when left from rest, tending to the expected asymptotic drift velocity of —1000
nm/ps, calculated using the derived theoretical equation for the asymptotic drift velocity
3.15.
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Transverse Hall Velocity V,(t) Over 20 us
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Figure 4.12: GLE integrated long time trajectory over 20us under an orthogonal
|B| =10 kT, |E| = 10 V/nm field configuration from rest.

The GLE integrated dynamics under the machine learned memory kernels subsequently
decay exactly towards the asymptotic drift velocity over significantly longer timescales,
reflecting the persistence of delayed hydrodynamic relaxation and temporally nonlocal
solvent momentum transport within the electrolyte environment. The clear distinction
between the early-time near-linear response and the later asymptotic exponential decay
further demonstrates the fundamentally multiscale nature of the reconstructed non-
Markovian transport dynamics. Upon boosting the system to a velocity larger than
the transverse hall velocity, the system still tends exponentially—as predicted by the
analytic theory and equation 3.60—to the asymptotic velocity.
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Figure 4.13: GLE integrated long time trajectory over 20us under an orthogonal
|B| =10 kT, |E| = 10 V/nm field configuration from —2000 nm/ps.



5 Conclusion

5.1 Discussion of Computational Results: Asymptotic and
Transient

5.1.1 Asymptotic Computational Results

By reinterpreting the long-time electrolyte drift velocity as a dynamical fixed-point of the
accelerations, rather than the asymptote of a direct long-timescale simulation problem,
it was possible to sidestep the prohibitive computational overhead associated with
resolving microsecond-scale electrolyte relaxation dynamics. While very computationally
demanding, this approach is much less so than simulating the system dynamics using MD
for long enough to capture the true asymptotic exponential decays. This computational
reformulation proved to be highly successful, allowing a direct numerical verification of
the analytically predicted E x B ion drift behavior within much more manageable 50
ps simulations.

Most significantly, the 2D parameter sweep analysis—as visualized in 4.7—demonstrated
the existence of a stable field-dependent asymptotic transport state toward which
the electrolyte relaxes independently of the imposed initial bulk velocity. The cross
sections of the observed acceleration map in (E, v;,;) parameter space demonstrated
the stable fixed point nature of the asymptotic velocity, e.g: systems initialized below
the asymptotic drift accelerated toward the fixed point, while systems initialized above
it decelerated back toward the same transport state. The resulting stable fixed-point
manifold observed throughout the two-dimensional acceleration phase-space provides
strong computational evidence that the electromagnetized electrolyte behaves as an
independent dissipative dynamical system possessing a robust asymptotic attractor
corresponding to the Hall drift velocity.

A linear fit to such parameter sweep to determine the underlying B-field differed from
the imposed field strength by less than 10%. Considering the substantial stochastic
fluctuations inherent to nonequilibrium molecular dynamics, such short 50 ps timescales,
and the coarse discretization of the parameter space required for computational feasibility,
this level of agreement strongly supports both the asymptotic kinetic theory and the
associated hydrodynamic coupling assumptions developed earlier in the thesis.

While short 50 ps timescales are sufficient to resolve the emergent sign and approximate
magnitude of the acceleration, these timescales remain significantly shorter than the
intrinsic long-time relaxation channels predicted by the generalized Volterra analysis and
later memory-kernel reconstruction. Extending the simulations to longer timescales or
employing aforementioned adaptive root-finding algorithms directly on the acceleration
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field would likely improve the quantitative precision of the extracted asymptotic velocities
substantially.

Despite these limitations, the asymptotic computational analysis undoubtedly validates
the principal theoretical prediction of this thesis: that electromagnetized multi-species
electrolytes under orthogonal electric and magnetic fields evolve toward a stable Hall
drift state governed by a generalized nonequilibrium transport mechanism.

The close cut agreement between the asymptotic analytical theory, the acceleration
fixed-point computational framework, and the nonequilibrium momentum-conseving
molecular dynamics results demonstrates that the generalized kinetic-hydrodynamic
formalism developed throughout this work captures such large-timescale transport
behavior in electromagnetized ionic fluids.

5.1.2 Transient Computational Results

Despite the visible qualitative agreement between the reconstructed GLE dynamics
and the direct MD velocity trajectories, there exist several important limitations of the
present reconstruction methodology which must be definitively acknowledged. First, the
optimized K™ and CI~ memory kernels were extracted from relatively short nonequi-
librium trajectories compared to the intrinsic, long relaxation timescales predicted
by the Volterra system. Consequently, the slowest exponential relaxation modes are
only weakly constrained by the optimization procedure, rendering the asymptotic tails
of the reconstructed kernels particularly sensitive to statistical noise and parameter
regularization. It was found during the optimization procedure that for decreased
solvent molarity, and shorter timescales, the memory kernel learning procedure became
increasingly more unstable, as the DE evolution was forced to mutate over more and
more sporadic data. Since the late-time transport behavior is governed precisely by
these smallest-magnitude poles of the memory kernel, even minor inaccuracies in the
reconstructed long-timescale decay structure may produce noticeable deviations in the
predicted asymptotic drift trajectories. This should be accounted for and treated with
an appropriate level of paramter regularization to achieve a physical model.

Furthermore, the kernel reconstruction was performed under near-equilibrium solvent
conditions without explicitly training on strongly driven electric-field exposed nonequi-
librium trajectories. The extracted kernels therefore implicitly assume that the delayed
solvent response remains approximately linear and stationary under externally imposed
Lorentz forcing, without regard to Ohmic drift. In reality, sufficiently strong electromag-
netic driving could alter local solvent structure, ion-ion correlations, or hydrodynamic
screening behavior, leading to various field-dependent memory effects not captured
within the present scalar kernel formulation.

Relatedly, the current reconstruction assumes isotropic diagonal memory kernels and
neglects potential tensorial anisotropies induced by the magnetic field itself. While a
the implemented OpenMM Boris integrator assumes a coarse-grained electroneutral
water model, the anisotropic effect of the B-field on ions could contribute, at sufficiently
large magnetic field strengths, cross-correlated transverse memory channels, requiring a
fully tensorial non-Markovian closure beyond the present approximation.
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Additional limitations arise from the finite system size and accessible simulation
timescales of the underlying molecular dynamics calculations. The extremely long
microsecond relaxation times predicted by the reconstructed Volterra dynamics sub-
stantially exceed the directly simulated MD windows, meaning that the asymptotic
regime remains only indirectly inferred through extrapolation of the learned kernels,
rather than something to be explicitly computed. Likewise, the fitted kernels remain
phenomenological parameterizations rather than uniquely determined microscopic ob-
jects; multiple nearby kernel configurations may reproduce similar transient trajectories
while differing in their long-time behavior—for varied parameter ranges similarly. The
present reconstruction should therefore be interpreted primarily as an effective coarse-
grained transport description rather than a unique microscopic characterization of the
electrolyte.

Despite these theoretical limitations, the reconstructed dynamics demonstrate several
highly significant successes. Most importantly, the optimized non-Markovian kernels
successfully reproduced the qualitative multiscale relaxation structure predicted analyti-
cally throughout the earlier Volterra and laplace-transformed correlation tensor pole
analyses. The emergence of rapid transient response followed by substantially slower
exponential relaxation explicitly confirms the presence of temporally nonlocal solvent-
mediated transport dynamics absent from conventional Markovian electrolyte theory.
The reconstructed trajectories correctly recover both the initial transient acceleration
regime, and agree with the subsequent asymptotic relaxation toward the analytically
predicted Hall drift velocity.

Equally important is the fact that the reconstructed dynamics remain dynamically stable
under exceedingly large Galilean boosts. Independent of the initially seeded hall-drift
velocity, the generalized Volterra dynamics consistently relax exponentially toward the
same asymptotic transport state predicted by the analytical theory. This behavior
strongly supports the physical consistency of the generalized Langevin formulation and
demonstrates that the reconstructed memory kernels encode an effective dissipative
hydrodynamic relaxation mechanism rather than solely fitting short-time stochastic
fluctuations.

As a continuation of this thesis, one may choose to investigate large-timestep methods
more suitable for weak field configurations. A principal limitaion of all computational
investigation in this thesis were the largely unphysical field magnitudes—necessitated
by the need for suffifient SNR despite finite timescale limitations. To ground these
theoretical findings more rigorously to real-world magnitudes such as 1 — 10 T, longer
simulations or signal processing techniques should be applied to extract the underlying
Hall drift effectively. To conclude this investigation, it is clear that the present framework
establishes a concrete bridge between microscopic stochastic dynamics, kinetic memory
effects, and macroscopic nonequilibrium electrolyte transport, with results spanning
a unified computational and analytical description of ion dynamics in field-exposed
electrolytic systems.



Appendix

A Time-Reversal Antisymmetry and Entropy Production
of the Ornstein-Uhlenbeck Operator

Let T be the time-reveral operator which acts on the probability density function of each
ionic species. Under time reversal, the time and velocity transform antisymmetrically,
while position remains invariant:

Tt —t Tla— —Ua Tiar Ta
The Ornstein-Uhlenbeck (OU) operator is defined by its action on f, as:

kT
Lof =V, - (Taf + —=
m

V. f)

«

For an operator O to be time-reversal invariant, it must be invariant under conjugation
with the time-reversal operator, e.g.

TOT '=0

It will now be demonstrated that the OU operator fails to satisfy such property. Let us
consider the conjugated operator acting on a test function f.

TEaTilf(ﬁa) = 7-[’04.]0<_1706)
k
= ThaVs, - (faf () + 2y, f(~50))

= ThaVr, - (af (<) ~ EL(V ) (=)

LEER VTR

My

kpT

«

= '7av17a : (_ﬁaf(ﬁa)

= _'Vavﬁa : (Uaf(ﬁa) +

- _Eozf(ﬁa)

Vﬁa f(ﬁa))

Under conjugation with the time-reversal operator, the OU operator picks up a negative
sign, demonstrating the lack of time reversal invariance. To demonstrate entropy
production, one may define a Fisher-information-like functional, and apply methods
consistent with Boltzmann’s H-theorem. One defines the information functional:

2
7,

I[fa] = /foa(FOmUOmt) ‘vﬁa logffo;q
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where the local normalized (with factor Z~1) Maxwellian f, ¢, is given by

o _ M| T |2
foti) = 27 oxp -1

Consider the kinetic equation under which the OU dynamics are imposed:

kT
Bvﬁafa> 5

(o7

Ofo+ T - Vi foo+ (B + 0 x B) - Vi fr = 70 va‘<17afa+

«

and define the relative entropy of the electrolytic system as:
H[fa | fa,eq] = /fa Ingfa drodv, = _Sa[f] + const.,
a,eq

where S, [f] is the usual entropy functional. Then, the time derivative of the relative
entropy should be non-positive to demonstrate global entropy production. Its time
derivative is given by:

Jfa
faeq

d
%H[faua,eq] — /(atfa) log

Substituting the equation of motions into the time derivative, the transport terms satisfy

/ (ga Vi Lo+ :T“(E+ 7o x B)- Vvafa) log Joo _y,

@ foceq

by integration by parts (as these terms are divergence-free in phase space), only the OU
term contributes to the relative entropy:

d
7H[fa|fa eq = 'Va/vva : ('Uafa vvafa) 10g f
dt fa eq
. kT
=0 [ (ata+ 250,00 ) - Vi, ot
M, M,
Using the identity which exploits the logarithm of the Maxwellian normalized distribu-
tion: T T F
ﬁafa“‘ivﬁafa: B fa Vo log =
My M,’
one obtains a final expression for the rate of change of the entropy:
d kT Lo
S H[fa| M) = —%mj/fa Vs, logA‘}Z A7 iy

d d
— <0, = — >
ZHfalMa] <0, = ZSalfa] 20,

with equality if and only if f, = M,. This demonstrates that under solvent equilibrium
conditions, the total entropy of each ionic species subsystem increases monotonically,
consistent with thermodynamics, and saturates at the equilibrium distribution.
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B (Action of the OU Semigroup)

Claim: et2a[(E - ,) £ ()] = et (E - 7,) £ (7)
Proof: First consider the action of the usual Ornstein-Uhlenbeck (OU) operator:
kT

»Cozf = ’Yozvz’)'a ' (27af )

Vo

It will first be shown that (E - 7) féo) is an eigenfunction of the OU operator. First, note
that the gradient of the Maxwellian fc(yo) is given by

L p(0) _ “Ma
Vvafa kBT v()éfa Y

and the divergence of the velocity-scaled Maxwellian (E Vo) for o4

Vi, (E-5,)f0 = Ef0 — - T(E o) T fO)

Applying this identity, one may explicitly demonstrate the eigenfunction nature of the
scaled Maxwellian, e.g.

kT

Lo[(E - 72) 17 (Ba)] = %0 Vi, [Ta (B - 00) £ + 2=V, (E - T) £ (7))
= ’Yavﬁa W+ kBTEf(O) ( - afaO)]
= kBTE Vi, fO

Mq,

= (BB

= [ La[(E - T2) fO(02)] = —7a(E - 0) f¥

Extending this rigorously to the semigroup via a taylor expansion,

OB [0 = (1t + G202 ) ()0

= (1=t g ) (- 0 1)

= U (E - 7))

= |eE(E - G) [V = e (B - T,) fV]| W
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C Dyson Decomposition

Claim: t
ei[:ot — eiQﬁLOt +/ eiﬁo(th)rPﬁJiﬁoeiQﬁﬁonT
0
Proof:

Defining the helper function S(7) := ¢ Lo(t=7)¢iQ3L0T one obtains the corresponding

Dyson decomposition by differentiating and integrating S(7):

ZS _ eiﬁo(th)(_iEO + iQﬁEO)eiQi,—LQT
-

dS 3 . 1Q=LoT

E = elﬁo(t_T)(_ZPp‘LD)e QPLO

¢ t
/0 %dT = —/0 eLot=T) (1PpL4) et LrEoT
S(t) -8

t
(O) — _ / eiﬁo(tf‘r) (ipﬁﬁo)eigﬁﬁoT
0
t
e1QLlot _ ilot _ _/ eiﬁo(tf‘r)(ipﬁﬁo)eiQﬁﬁor
0

t
giLot _ oiQpLot / e Lo=T) D i £
0

Which is what was to be shown. W

D Commentary on the Thermodynamic Consistencies of
the Derived Boltzmann Equation

Equation 2.39 formulaically imposes non-markovian solvent dynamics onto the phase
space distribution of the cation and anion species, respectively. It could be seen as an
important middle step, to verify the consistency of these dynamics with well-known
thermodynamic laws. First, we will show that the equilibrium distribution under this
PDE is precisely the Maxwell-Boltzmann Distribution. To begin, we posit the standard
Maxwell-Boltzmann (MB) distribution for an ionic species a € {+,—} in thermal
equilibrium. At equilibrium, there are no external electric fields driving a bulk current
(E = 0), the bulk solvent velocity is zero (Z = 0), and the system is strictly stationary
(% = 0) and spatially uniform (Vz, f, = 0). The distribution is therefore purely a
function of velocity. Ansatzing the Maxwell-Boltzmann (MB) equation,

Foveq(lin) =1 ( Ta )3/2e Mo
a,e o) — X - 3
€ O\ orkpT P\ ok

one may show that its explicit form directly satistifes the ODE using the equipartition
theorem, microscopic time reversibility, and isotropy.

Substituting these equilibrium conditions into Equation 2.39, the entire left-hand side
identically vanishes. The streaming and temporal derivative terms are zero by our
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stationarity and uniformity assumptions, and the Lorentz force term vanishes because the
cross-product is orthogonal to the velocity gradient: (¥, x é)-Vga fa,eq X (Ua X é) Uy = 0.
Therefore, for the MB distribution to be the true equilibrium solution, the non-Markovian
collision integral on the right-hand side must independently evaluate to zero, e.g.

—

t
Vi, - / Kot =7) [EQ) (o, o t:7) + kpTG(8,7) - Vi, faseq| dr = 0.
0

To prove that the integrand vanishes, we first evaluate the velocity gradient of the MB
distribution:

Substituting this into the second term inside the bracket yields a highly restrictive
condition that the two-time correlation term must satisfy:

kBTG’(t,T) . vf[)’afa7eq == _mOzG(t7 T) : erfoc,eq'

Next, we resolve the two-time correlation function Fy). By definition, this term
represents the correlation between the fine-grained distribution at time t and the
stochastic velocity at a past time 7. In an equilibrium ensemble, this equates to the
conditional expectation of the past velocity given the present velocity, multiplied by the
equilibrium distribution:

ﬁg)(??wﬁa’t? T) = (7704(T)Na(t)>eq = E[ﬁa(ﬂ ‘ 77a(t) = Ua]fa,eq(ﬁa)-

For a Gaussian process governed by a linear Generalized Langevin Equation (GLE), the
conditional expectation is given exactly by the normalized auto-correlation matrix:

E[a(T) | Ua(t) = Ua] = (Ua(7) ® Ua(t))eq(Ua(t) ® Ua(t))eq Ua-

By the equipartition theorem, the equal-time velocity correlation is trivially (¥, (¢) ®
Ta(t))eq = %I.To determine the cross-time correlation (U, (7) ® U (t))eq, We introduce
the fundamental relaxation matrix R(¢,7) of the unforced GLE, such that the mean
velocity decays forward in time as R(t, 7)0(7). Consequently, the forward correlation
is (Uo(t) ® Ta(T))eq = “ELR(t,7). Due to microscopic time-reversibility in thermal

Mo
equilibrium, the backward correlation is simply its transpose:
. - kT
(Ta(T) @ Talt))eg = ——R(t, )"
My

Applying this to our conditional expectation gives:

= (o Ree0") () @ = RO
]_(ma Rt 7)) (o) 7 = R(. )T,

Finally, we must map the relaxation matrix R(¢,7) back to the response tensor G(t, )
used in the Furutsu-Novikov expansion. The response tensor is defined variationally as

G(t,7) = %(it)). Because the colored noise C(t) enters the single-ion GLE scaled by the

inverse mass (

E[Ua(T) | Ua(t) =

Ql

1

m—af (t)), the velocity response to a noise impulse is proportionally scaled:

G(t, 1) = iR(t,T) = R(t,7) = m.G(t, 7).

Ma
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Substituting this relation into our conditional expectation, and noting that the macro-
scopic isotropy of the solvent ensures that G(t,7) is perfectly symmetric (GT = G),
the two-time correlation function evaluates cleanly to an elegant result (to also be used
later on in proof of Boltzmann’s H-theorem):

F_:o(?) (FOM 770(7 t7 T) = mOtG<t7 7—) ' ﬁqfq,@q(ﬁa)'

Adding the results inside the integral from our PDE, we arrive at the final equilibrium
condition:

F® 4 kpTG(t,7) - Vi, faeg = MaG(t, 7) - Tafaeg — MaG(t, T) - Tafaeqg = O.

The integrand identically cancels. The non-Markovian collision operator evaluates
exactly to zero, robustly proving that the Maxwell-Boltzmann distribution is the
precise stationary equilibrium solution to the generalized Vlasov-Fokker-Planck equation,
fully satisfying the requirements of classical thermodynamics. With the equilibrium
distribution of the ionic-fluid system now analytically verified, one can perform further
investigation into the thermodynamic consistency of this probability density theory.
Recognizing the formal structure of equation 2.39, one may immediately recognize the
equation as a specific manifestation of a Boltzmann equation, where the collision operator
is given by the right hand side memory kernel and Furutsu-Nokivov derived response
integrals. In strict accordance to Boltzmann’s H-theorem, it should explicitly hold that
the entropy of the entire system, solvent and ions, should increase monotonically. In
classical thermodynamics, the Second Law states that for an isolated system, Entropy
(5) must always increase. But for a system in contact with a heat bath-such as the ions
in contact with the solvent—the system’s local entropy S is allowed to decrease locally.
Upon my first attempt at demonstrating the monotonicity of the H-function,
it was possible to reduce the final form of a derivative down to the sum of a
quadratic positive semi-definite form, and a linear term, which could not be
verifiably positive. Below is the final form that was reached.

dH / K(t-7) / kBT(vﬁ“fO‘)TGfiT’t)vﬁo‘fa+(Vfa)TG(r,t)(ﬁa—ﬁ(T))d3rd3vdT

not necessarily >0

This of course is a problem in proving thermodynamic consistency, as we have not yet
set up a precise dynamical coupling to the solvent for each ion species. To circumvent
this issue, one may prove instead that the relative entropy of this system should
monotonically increase, and in turn the relative H-function of the ionic system
should monotonically decrease. We define the relative H-function as the Kullback-
Leibler divergence between the distribution f, and the equilibrium distribution (MB
distribution) that we have just explicitly verified, K L(fal|fa,eq):

a(Byt) )
rel /fa (fa eq<17)> du.

To understand why the relative H-function is the correct thermodynamic functional for
our system, it is instructive to expand the logarithm:

H,qlt /fa U,t)In fo (¥, 1), /fa U,t) In fo,eq(?), dv
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The first term is exactly the standard Boltzmann H-function, H,(t), which is directly
proportional to the negative of the non-equilibrium entropy of the ionic species, such
that S (t) = —kpHa(t).The second term can be evaluated by substituting the explicit
form of the Maxwell-Boltzmann distribution, fq ¢q(¥) = Aexp (—g}c‘"”;) where A is the

mav

normalization constant. The logarithm yields In fq ¢q(7) =In A —
into the integral, we obtain:

/fa(ﬁ,t) (mA— ;rli‘;”T> dv——lnA/fa dv+/fa Tl dw.

Assuming the probability distribution is normalized, the first term simply becomes

. Inserting this

a constant, —In A. More importantly, the integral in the second term is the exact
definition of the macroscopic, time-dependent kinetic energy of the ionic species, Fg;, ().
Reassembling the relative H-function gives:

Ekin (t)

H, . (t) = Hy(t
Tel() ()+ k?BT

+C.
Multiplying the entire expression by kg1 reveals the thermodynamic nature of this
quantity:

kT H,e)(t) = Epin(t) — TS, (t) + C'.

Recognizing the form E — T'S, we see that kpT H,.(t) is exactly equal to the non-
equilibrium Helmholtz Free Energy, F'(t), of the ionic system, shifted by some constant.
For an isolated system under an NVE ensemble, kinetic energy is strictly conserved
(Ekin(t) = const), and therefore demonstrating that H,(t) decreases is entirely sufficient
to prove the Second Law of thermodynamics. However, for an NVT ensemble, such
as here, where the ions are dynamically coupled to a solvent heat bath, the ions are
actively exchanging energy with the background. Consequently, the local kinetic energy
Ejn(t) is time-dependent. The fundamental principle of classical thermodynamics for a
system coupled to a thermal reservoir dictates that the system will evolve such that
its Helmholtz Free Energy F — T'S is minimized. Therefore, the requirement that the
relative H-function monotonically decreases:

dH,; dF
<0 <— — <0
dt — dt —

is completely equivalent to proving the dissipation of free energy. Demonstrating this
inequality for the our generalized Vlasov-Fokker-Planck/Botzmann equation robustly
verifies that the modeled dynamics are strictly consistent with the Second Law of
Thermodynamics, rigorously justifying the bulk-flow equilibrium assumptions without
the need to explicitly track the vast microstate geometry of the solvent. With the
exploration now motivated, one may explicitly begin the computation of the time
dervative of the relative H-functional. Taking the time derivative of the relative H-
function defined, we apply Leibniz’s rule to bring the derivative inside the integral:

dHrel _ afa In fa
dt Jacq

Because the equilibrium distribution f, ¢4 is strictly time-independent, the second
integral simplifies to [ ‘%"dﬁa. By the conservation of total probability, the integral of the

)d —i—/fa In fo —1In foeq) dUa.
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time evolution of the density function over all velocity space must vanish (% [ fadv, = 0).
Therefore, the time derivative of the relative H-function is solely determined by the first

dHrel _ 8foz In fa Az
a ) ot faeqa)

We now substitute the evolution equation for %. For sake of brevity, the conservative

term:

terms of the Vlasov operator—the streaming term and the Lorentz force—describe
Hamiltonian phase-space volume preservation and thus contribute exactly zero to the
entropy production, this can also be shown directly under phase space density decay
assumptions, divergence theorem, and integration by parts, however it is irrelevant to
include here due to its length and notational encumberment. To isolate the irreversible
thermodynamic behavior, we evaluate Equation 2.39 in the bulk-comoving frame (u(7) =
0) and assume macroscopic spatial homogeneity (Vz, fo = 0). Under these conditions,
the time evolution is governed entirely by the non-Markovian collision operator:

0fa

t
= Vg, - / Ko(t = 7) [E®) + kT G(t,7) - Vi, fu dr.
ot 0

To manipulate this collision operator into a mathematically tractable form, we apply the
two-time correlation identity derived during our equilibrium analysis: F"C(YQ) (Tay Uy t57) =
Mo G(t, T) - U fo. Substituting this identity allows us to factor out the integral over the
memory kernel and the response tensor. We define the time-dependent macroscopic
diffusion tensor Z,(t) as:

Ea(t) :/0 Kq(t—7)G(t, T)dT.

This reduces the collision operator to the divergence of a probability current in velocity

-

space, J,

ot

% = Vi, - [MaBalt) - Uafa + kBTE4(t) - Viafa] = =V, - Jo, -

We can express the probability current fva in a highly compact way by just factoring
out the thermal energy kpT and the distribution function f,:

malaq VU, fa}

j;)a - _kBTEa(t> : fa

kBT f «
Using the fact that the velocity gradient of the logarithm of the Maxwell-Boltzmann
distribution is Vg, In foeq = —”,;‘gg?, we can substitute this exact relation into the

bracketed term to begin simplification:

foz,eq

We now return to the time derivative of the relative H-function and substitute our

j;ua - _kBTEa(t) : fa [_vﬁa In fa,eq + vﬁa In fa} - _kBTEa(t) : favﬁa In ( fa ) .

divergence-form collision operator:

dl;r;ez _ _/ Vs, - Ji, | In (fi“q) d7,.
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Applying integration by parts over the entirety of velocity space, we shift the gradient
operator onto the logarithmic term. By imposing standard physical boundary con-
ditions—namely, that the distribution function f, and its associated currents vanish
rapidly as |ti,| — oo—the surface boundary terms evaluate identically to zero, yielding:

dH . N
rel / J, Vs In Jo ) gz
dt co Ja,eq

Finally, substituting the explicit formulation of j;a into the integral yields the precise
thermodynamic dissipation rate:

T
dH,, o — - o S,
. L _ _kBT/fa [vga In (ff,eq)] Ea(t) [Vva In <f£,eq>] dUy,.

The strict sign of this derivative is dictated by the integrand. Because the probability

density function is non-negative (f, > 0) and the macroscopic temperature is strictly
positive (kgT > 0), the entire structural sign depends on the quadratic form involving
Eq(t). By the Fluctuation-Dissipation Theorem and the Wiener-Khinchin theorem
applied to the background solvent noise, the integrated convolution of the memory
kernel and the response tensor, =, (t), maps directly to the velocity auto-covariance
matrix of the solvent. Explicitly, the Wiener-Khinchin theorem states that for any
wide-sense stationary random process, its time-delayed auto-correlation function and
its frequency-domain power spectral density constitute a Fourier transform pair; this
mathematical relationship guarantees that the power spectrum of any physical stationary
process is strictly non-negative across all frequencies. In the context of the generalized
Langevin dynamics governing the ionic species, the background solvent is assumed to be
in macroscopic thermal equilibrium, meaning its microscopic stochastic force fluctuations
inherently form a stationary random process. By the Fluctuation-Dissipation Theorem,
the integrand of Z,(¢)—the product of the memory kernel K, (¢t — 7) and the response
tensor G(t, 7)—is precisely proportional to the auto-correlation matrix of this stationary
background noise. Consequently, integrating this stationary auto-correlation function
over time yields a macroscopic transport tensor (via a Green-Kubo relation) that inherits
the non-negative spectral properties of the underlying noise. It is this fundamental
spectral constraint, dictated by the Wiener-Khinchin theorem, that mathematically
guarantees the diffusion tensor =, () is positive semi-definite, thereby ensuring the
quadratic form ZT=,(t)Z > 0 and strictly enforcing the monotonic dissipation of the
system’s relative free energy. As a physical covariance matrix, =,(t) is inherently
positive semi-definite. Therefore, the vector-tensor quadratic form z7 Z,% is guaranteed
to be non-negative for any arbitrary vector . Consequently, the integrand is strictly
non-negative everywhere in velocity space. Preserving the leading negative sign, we
show

dHrel
dt S 07
and the relative H-function decreases monotonically until f, = fa,eq, at which point the
gradient vanishes and entropy production ceases. With this, we have a mathematically
rigorous proof that the non-Markovian Furutsu-Novikov operators natively embedded
within Equation 2.39 strictly satisfy the Second Law of Thermodynamics.
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E Derivation of the Asymptotic Drift Velocities

This appendix details the algebraic resolution of the steady-state force constraints derived
from the limiting procedure of the coupled Volterra integro-differential momentum

equations. The governing constraints for the asymptotic relative velocity Ve oo and the
center-of-mass velocity Vem oo are given by:

‘_/;el,oo X g =0, (1)
2 o - iR
vecViel oo = 24 (E + Vem,oo X B) . (.2)
my

Equation .1 explicitly dictates that the relative velocity must be parallel to the magnetic
field. Substituting Equation .2 into this constraint and taking the cross product yields:

(E + Vemoo X é) x B =0. (.3)

Expansion of the nested cross product using the standard vector identity (ff X é) x B =
B(A - B) — AB? results in:

E x B+ B(Veomoo - B) = Vem oo B2 = 0. (4)
To systematically isolate the physically relevant drift, the center-of-mass velocity is
decomposed into components parallel and perpendicular to the magnetic field: Vi oo =
VL + VH, where ‘7“ = (‘Zm,oo . E)g Recognizing that E(le,oo . é) = BQVH, substitution
back into Equation .4 produces:

BQ(VL+‘7}‘)=EXB’+B2V)H. (5)
The parallel terms cancel identically, isolating the perpendicular component of the
center-of-mass velocity:

— —

po=bxb ;QB . (.6)
The parallel component remains mathematically undetermined by the cross product,
as the Lorentz force q(v' x é) inherently vanishes for longitudinal motion. The general
steady-state solution thus takes the form ‘Z:m,oo = EBXQB

scalar. However, in the absence of an external driving field parallel to B , no longitudinal

+AB , where A is an arbitrary

momentum is continuously injected into the system. The parallel drift must therefore
remain zero (A = 0), restricting the center-of-mass velocity to:

- E x B
Substituting this strictly perpendicular center-of-mass velocity back into the initial force
balance (Equation .2) yields:

. 2q [ = Ex B -
Vieloo = o (E—i— X B> . (.8)
Applying the cross-product identity a second time simplifies the relative velocity to:
. 2¢ B(E-B
V;el,oo = 7¥ (9)

my B2

Since the specified external fields are strictly orthogonal (E B = 0), the numerator
vanishes identically, proving that the steady-state relative velocity evaluates to zero:

Vieloo = 0. (.10)
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F Commentary: Acceleration Root-Finding via the
Bisection Method

An alternative method to determining the asymptotic velocity via accelerations (% [———
0) in a more computationally efficient way from a naive parameter sweep is the Bisection
method for root finding on the acceleration curve. First define an objective function,
a(vp), representing the instantaneous macroscopic acceleration of the bulk fluid when
initialized with a uniform starting velocity vg. At the true asymptotic drift velocity v*,
the net forces governing the bulk flow sum to zero, meaning the macroscopic acceleration
must vanish identically:

A(puik)

At

a(v*) =

=0 (.11)
vo=v*
Because the acceleration function a(vg) is assumedly monotonic and continuous with
respect to the initial boost velocity (a fluid pushed slower than v* will accelerate, and
one pushed faster will decelerate), the root v* can be efficiently isolated using a bisection
algorithm. The procedure is initialized by defining a velocity bracket [vjes¢, Upight] such

that the root is strictly bounded:

a(vleft) : a(vm'ght) <0 (12)
For each iteration k, the midpoint velocity is evaluated:

(k) (k)

v +v,.,

Uﬁ,’;)d: left 5 right (13)

A brief MD simulation (~ O(1) ns) is launched with the bulk fluid initial velocity
(k)

mid’

trajectory to extract the instantaneous acceleration via the gradient, a(v;q). The

uniformly boosted to v and a linear regression is performed on the resultant velocity

bounds are then strictly updated based on the sign of the measured acceleration:

Uﬁ’f;h? =l i a(viest) - a(Vmia) < 0
(k+1) (k) (.14)
Vet = Upmig otherwise

This iterative bisection strictly halves the search space at each step, ensuring logarithmic
convergence, O(log N), to the steady-state Hall drift velocity. By extracting the
derivative (acceleration) from highly truncated approximately nanosecond-timescale
simulations, this algorithm allows for the precise determination of macroscopic transport
properties using only a fraction of the computational time required by traditional,
continuous time-integration.

Below is a plot which demonstrates the method’s application for the field configuration
B = 10T, E = 2.5V /nm. Note the exponential convergence to the correct drift velocity
of —250nm/ps.
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Figure 1: Bisection root finding performed for 1ns velocity trajectories with |]§ | =
10T, |E| = 2.5V /nm Field Configuration
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H Bisection Search Steady-State Velocity Finding
Algorithm & Helper Functions Pseudocode

Algorithm 1 Bisection Search for Asymptotic Fluid Drift Velocity

Require: Velocity bracket [vi ¢, Vright], Tolerance €, MD duration 7
Ensure: Steady-state drift velocity v*

Phase 1: Initial Bracket Validation
jeft < MEASUREACCELERATION (Vje s, T)
Aright < MEASUREACCELERATION(Vpight, T)
if Qleft * Aright >0 then
return Error: Root is not bounded by [vieft, Uright]
end if

Phase 2: Iterative Bisection

: while (vyignt — Vieft) > € do

6

7. Vmid Vieft ';'Uright
8
9

Amid < MEASUREACCELERATION (Upnid, T)
if Qleft * Amid < 0 then

10: Uright <~ Umid
11: Qright < Qmid
12: else

13: Vieft < Umid
14: Qleft < Qmid
15: end if

16: end while
. * Vleft TVUright
17: V7 <« -

18: return v*

Algorithm 2 Measure Bulk Acceleration via Truncated MD
Require: Initial boost velocity v, MD simulation duration 7
Ensure: Instantaneous bulk acceleration slope a

Initialize OpenMM context (solvent, ions, E; B, DPD thermostat)
MINIMIZEENERGY

Sample Maxwell-Boltzmann velocities at target temperature T’

Apply uniform macroscopic boost: v; < v; + v for all particles 4
Initialize empty trajectory array Vi,
t<0
while t < 7 do
INTEGRATESTEP(Boris-DPD)
Record instantaneous bulk velocity (vy(t)) to Viu
t—t+ At
: end while

—_ =
N = O

. Extract acceleration slope a via linear regression on Vi (t)
: return a

—
w
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I DPD Thermostat Pseudocode

Algorithm 3 DPD Thermostat (Pairwise Momentum-Conserving, Velocity-Verlet
Form)

Require: {r;,v;,m;}Y, timestep At, cutoff r., parameters v, o
Require: Weight w?(r) with w”(r) = (w(r))?
. Compute conservative forces {F¢'}

=

2: for each particle 7 do
3: V; ¢ Vv; + At FZC
2mi

4: end for

5: for each particle ¢ do

6: FPPP 0

7: end for

8: for each unordered pair (i,7) with i < j do
9: rjj<T;—T;

10: 7 gl

11: if Ti; < Tc then

12: f'ij — rij/""ij

13: Vij <V, —V;

14: wf — wh(ry;)

15: wP + (wft)?

16: Draw Hij ~ N(O, 1) and set Hji = Hij
17: Fg — = wP (Vij . f‘ij) f'ij
18: Ff} — owh (91‘]‘ f'ij

19: Fij <« F+F[
20: FPPD  FPPD 4 F,;
21: FPPD  FPPD —Fy;
22: end if
23: end for
24: for each particle i do
25: Vi & V; + gFiDPD
26: end for '

27: for each particle ¢ do

28: r; < r; + Atv;

29: end for

30: Recompute conservative forces {F{'}
31: for each particle ¢ do

At
Fy
i

32: Vi & V; +
2m
33: end for
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J Boris Integration Step Pseudocode

Algorithm 4 Boris Velocity Update

Require: v;, charge ¢;, mass m;, fields E;, B;, timestep At
n+1/2
i

Ensure: Updated velocity v

1: v v, +

»
-+

»n
/]\

1+ 2

vV e vi4+voxt

6: vie—v +v xs
n+1/2 qiAt
i m;

o

7V — vt + E;

n+1/2

8: return v,
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